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Abstract The stability problem of two-dimensional compressible flat-plate boundary layers is handled using
the linear stability theory. The stability equations obtained from three-dimensional compressible Navier—Stokes
equations are solved simultaneously with two-dimensional mean flow equations, using an efficient shoot-search
technique for adiabatic wall condition. In the analysis, a wide range of Mach numbers extending well into the
hypersonic range are considered for the mean flow, whereas both two- and three-dimensional disturbances are
taken into account for the perturbation flow. All fluid properties, including the Prandtl number, are taken as
temperature-dependent. The results of the analysis ascertain the presence of the second mode of instability
(Mack mode), in addition to the first mode related to the Tollmien—Schlichting mode present in incompressible
flows. The effect of reference temperature on stability characteristics is also studied. The results of the analysis
reveal that the stability characteristics remain almost unchanged for the most unstable wave direction for Mach
numbers above 4.0. The obtained results are compared with existing numerical and experimental data in the
literature, yielding encouraging agreement both qualitatively and quantitatively.

Keywords Laminar boundary layers - Stability of laminar flows - Viscous instability - Inviscid instability -
Compressible flows
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1 Introduction

Laminar-turbulent transition is still an important and fundamental issue in fluid mechanics and aerodynamics.
Transition location plays an important role in a number of practical applications. On the one hand, it controls
important aerodynamical quantities, such as heat transfer rate and skin friction drag. These have implications
on heating rates for reentry vehicles, hence on the design of proper heat shields and total drag of high-subsonic
transport aircraft. On the other hand, the aerodynamic noise of commercial airplanes or detection of submarines
are also functions of the flows being laminar, turbulent or transitional.

Stability and transition problems of low-speed flows have been attracting considerable interest from
researchers for more than a 100 years. Meanwhile, compressibility effects have been considered by fewer
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researchers due to the complexity of the resulting problem. Compressibility makes the stability and transition
problems not only more complex but also more realistic for most aerodynamical problems of interest.

An early important contribution to the study of compressible flow instability was provided by Lees and
Lin [1]. They have classified the disturbances as subsonic, sonic or supersonic, according to the disturbance
phase velocity ¢, is greater than, equal to or less than Us, — doo, Uso and ase being the freestream velocity and
the freestream speed of sound, respectively. It is shown in Sect. 4 that supersonic disturbances result in a new
instability mode, that is inviscid in nature. They have also proven that a necessary condition for the existence

of an unstable disturbance is
d dU
— o =0, (LD
dy \" dy / |y,

provided that U (ys) > Uso — doo, Where p is the density, U the streamwise mean velocity component of the
flow, y the normal distance from the wall and yy is the location where the above equality is satisfied. This is
the generalized inflection point theorem and is the extension of the well-known inflection point theorem (or
Rayleigh’s theorem) in incompressible flow.

Later, Mack developed a complete theory for the stability problem of compressible boundary layers [2,3]
and has undertaken a numerical solution. According to his results, whenever there is a relative supersonic
region in the flow, i.e., M = (U —¢) /a > 1, there exists an infinite number of unstable modes (or wave
numbers). The first of these modes is related to the Tollmien—Schlichting mode in incompressible flow, but
the higher or additional modes have no incompressible counterparts. Viscosity has a stabilizing effect on the
additional modes and the first of these higher modes or the second mode is the most unstable of all. After these
findings, the second mode has been aptly called the Mack mode. In contrast to incompressible flow, where a
two-dimensional disturbance is the most unstable at any Reynolds number (Squire’s theorem), for supersonic
flow, the most unstable disturbance is always three-dimensional, i.e., oblique [2]. Mack has obtained results
using the linear stability theory (LST) followed by the ¢” method for transition prediction.

Malik [4] has reported transition computations for flat-plates and sharp cones using LST and e” method.
It is shown that the first oblique Tollmien—Schlichting mode is responsible for transition for freestream Mach
numbers below 7 at adiabatic conditions. For cold walls, the role of the second mode becomes dominant, and
favorable pressure gradient and suction stabilize this mode.

Arnal [5] gives an extended overview of transition prediction over adiabatic flat-plates using linear theory.
For two-dimensional flows, he discusses the incompressible and compressible cases independently. The basic
concepts of the LST are explained and the reported results for compressible boundary layers are in agreement
with those of Mack.

Masad and Abid [6] have investigated the instability of high speed, flat-plate boundary-layer flows. They
have used the LST for both plane and oblique wave cases, and ¢” method to predict the transition location
corresponding to the most unstable wave direction. The first of higher modes and its variation with Mach
number have been investigated for both adiabatic and cooled/heated flows. In the adiabatic case, the most
unstable waves for the first mode are oblique, whereas those for the second mode are two-dimensional.

Another high speed boundary-layer stability analysis was performed by Malik and Anderson [7]. In their
study, the effect of reacting chemistry on the instability mechanism was investigated by using perfect, chemical
equilibrium and non-equilibrium (with thermal equilibrium assumption) gas models within the framework of
parabolized stability equations (PSE). The results conclude that real gas effects have stabilizing effect on the
first mode while they destabilize the second mode.

In a more recent publication, Malik [8] has analyzed boundary-layer transition data from supersonic quiet
tunnels and flight tests. The analysis indicates that LST can be used as a guideline for transition location
prediction. Transition data from the flight tests have been analyzed using PSEs, including chemistry effects
associated with high temperature flows. The results indicate that transition is caused by the amplification of
the second mode disturbances and the ¢ method correlates the transition data well. The effect of chemistry is
destabilizing.

On the experimental side, the existence of instability waves in supersonic flow was first demonstrated by
Laufer and Vrebalovich [9]. Later, experiments of Kendall [10, 11] on flat-plates have provided further insight
to the verification of supersonic stability theory. Reference [10] is especially important, because operation of
the wind tunnel was accomplished with laminar boundary layers on the walls. This increased the accuracy in
the measurement of the growth of small artificial disturbances, because the large acoustic disturbances origi-
nating from the supersonic turbulent boundary layer were absent. Kendall was also able to generate skewed,
i.e., oblique disturbances with respect to the freestream flow. The experiments of Kendall were performed at
Mach 4.5.
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Coles’ [12] experiments provide transition data for flat-plates at Mach numbers between 2.0 and 4.5,
whereas transition measurements of Deem and Murphy [13] are at Mach 5 and 8. For Mach numbers below
2.0, only cone data is available except the data of Kendall at Mach 1.6 [2]. Experiments of Laufer and Marte
[14] which were obtained in the same experimental facility as Coles provide transition data for cones at Mach
1.3,1.45, 1.6, 1.8 and 2.0.

In a much more recent article, Chen et al. [15] report boundary-layer transition data on a cone and a flat-
plate at M = 3.5 obtained at the Low-Disturbance Tunnel at NASA Langley. Transition Reynolds numbers
obtained in the tunnel are an order of magnitude greater than the previous results obtained in conventional
noisy wind tunnels. Transition predictions obtained using LST and ¢” method with n = 10 are in excellent
agreement with transition data obtained in the experiments.

The objective of this paper is to investigate the stability issue of compressible, flat-plate boundary layers
under adiabatic wall conditions. Compared to the previous studies reported in the literature, a wider range of
Mach numbers is treated extending well into the hypersonic range. Real gas effects are partially accounted for
both in the mean flow and the perturbation equations by taking all fluid properties including the specific heat
and the Prandtl number as temperature-dependent. An extensive parametric study is performed to assess the
role of relevant parameters like the Mach number and wave angle on the stability mechanism. Using known
and well-proven methods, the new set of data obtained in the current study both widens the already available
numerical data on the subject and provides an independent check. Also, the effect of an important parameter,
the reference temperature, which is an issue that has not been elaborated sufficiently in the literature is empha-
sized. With these efforts, the capabilities of the LST are once more ascertained and more physical insight to the
problem is provided. The study not only widens the existing data on the topic but adds new information such
as the behavior of the stability characteristics when the Mach number is greater than 4.0 for oblique waves.
For such high Mach numbers, the stability curves and the amplification factors become almost independent of
this parameter. In our best knowledge, this result has not been reported elsewhere.

A brief outline of the paper is as follows. Section 2 of the paper is devoted to the numerical formulation
of the problem. Here, the perturbation equations together with the mean flow equations are introduced. In
Sect. 3, the solution method is briefly explained. Section 4 presents the results and related discussions. Here,
two- and three-dimensional disturbances are treated separately. Section 5 focuses on the reference temperature
issue. Comparisons with other data existing in the literature are presented in Sects. 4 and 5. Finally, in Sect. 6,
important conclusions of the study are summarized.

2 Mathematical model
2.1 Stability equations

The stability equations (or the perturbation equations) are derived starting from the three dimensional equations
of motion in Cartesian coordinates [16]:

du* b ou* L du* +wt du* _ _Lap* n 1 (aa;x aTyy 8‘5;‘}) ’ @1
ar* ax* ay* az* p*ox*  p* \ dx* ay* az*
v* +u*3_v* N v*av* N w*av* _ _lapt 1 dty,  doy, 0Ty 22)
or* ax* ay* az* p* ay*  p* \ ox* ay* azx )’ '
dw* N L ow* N L ow* N LOwt 1 ap N 1 (otf 9t}  dok 2.3)
o e TV ey T e T T oo o Nt T Byt oz ) '
aT* oT* oT* oT* ou*  dv*  Jw*
ok * * * — _ ¥
P ”(az*+” e U gy TV Bz*) P <8x*+8y*+8z*)
0 aT* 0 aT* a aT*
+8x* (K* 8x*) + ay* (K* 8y*) * az* (K* 0z* ) Tue, @4
ap* A(p*u*) 9(p*v*)  I(p*w*)
=0, 25
ar* + dx* + dy* + oz* (23)

o = 0 RET) 2.6)
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In (2.4), @* is the dissipation function given by

o —a| (2 2+ gv* 2+ gw \*| 2 our  ovt :
N ax* ay* az* 3 \dx*  9y*  oz¥
(P 2+ duw*  dv* 2+ dur | o 2 07
ax*  Oy* dy*  9z* azx  ax* ) '

In the above equations, u*, v* and w* are the velocity components in x-, y- and z-directions, while p* is the
pressure, p* the density and T* the temperature. Fluid properties are represented by u* being the viscosity,
«* the heat conduction coefficient, C; the specific heat at constant volume and R* the universal gas constant.
While (2.1), (2.2) and (2.3) are the momentum equations in x-, y- and z-directions, respectively, (2.4) is

the energy equation, (2.5) is the continuity equation and (2.6) is the equation of state. Asterisks (x) denote
dimensional quantities. Using Stoke’s hypothesis, one obtains viscous stress components as

x * Qu* * ok _ % [0ut . dv* * * 0v*
axx_zl’b ox*? txy_ryx_l"l’ (ay*+3x*)s Uyy_zl'l“ 3y*7

(2.8)
* _ ok [ ou* qw* * _ dv* Jw* * * dw*
sz_rztc_”“ (F+W)’ Tyz_rz*y_l’b*(az* +W)’ 0 =21 azx
Flow is decomposed into steady mean and unsteady perturbations:
YR, Y ) = WG,y ) (R, 2 ), 2.9

Y representing u*, v*, w*, p*, T*, p*, u* or k*. The following assumptions are made:

Disturbances are small according LST, so higher order terms like #*9i*/dx™* can be neglected,

Steady mean flow satisfies the equations of motion,

Parallel flow assumption is used, i.e., U* = U*(y*), W* = W*(y*) only and V* = 0,

Temperature is also a function of y* only, T* = T*(y*),

Fluid properties are functions of temperature only, u* = pu*(T*) , C¥ = Ci(T™), C;’; = C;(T*) and
k¥ = k*(T%).

The fluctuations of u* and «* are expressed as

du* . dic*
ar = K e = SE e (2.10)
dT* dT*

With these, a linear set of equations in terms of the perturbation quantities is obtained. These equations are
made dimensionless by a suitable choice of reference variables. Velocities are non-dimensionalized by U}
(the boundary-layer edge velocity) and lengths by the Blasius length scale L* = ,/v}x*/U}. Accordingly, the
dimensionless wave number components are defined as: @« = «*L* and 8 = *L*. Meanwhile, temperature,
density, pressure, viscosity and heat conduction coefficient are non-dimensionalized by their respective free-
stream values, 7,5, pJ, pi, u) and «. The mean laminar flow is assumed to be influenced by a disturbance
composed of a number of discrete harmonics, each of which is a propagating (traveling) wave of the form:

x,y,z,1) = P(y)e@xthen, @.11)

According to temporal amplification theory, wave numbers in x- and z-directions (« and B) are real and the
frequency w is complex. The wave numbers in x- and z-directions define the wave number vector, k. The
magnitude of the wave number vector is k = /a2 + 82 and the wave angle is ¥ = tan~!(8/a). The distur-
bance amplitude of the relevant variable is defined by V. The real part of the complex frequency w;, is the
circular frequency of the disturbance, while the imaginary part is the amplification rate determining whether
a disturbance is stable (w; < 0), neutrally stable (w; = 0) or unstable (w; > 0). Complex wave velocity is



Linear stability analysis in compressible, flat-plate boundary-layers 5

defined as ¢ = w/«, the real part being the phase velocity c,, and the imaginary part the amplification factor,
¢;. Thus, a linear, dimensionless set of equations for the perturbations is obtained:

,o[i (aU+ﬂW—w)zz+U'ﬁ] =i 2 5

yM?
+% {u — (@ + )i+ % [iaf/ — o (eii + ﬁw)”
Rieij—’T‘[T’(ﬁ’+iaﬁ)+U’T’+U”T]+%U’T’T}, 2.12)
,oi(aU—i—,BW—w)ﬁ:—#ﬁ/%-%{D”—(az—f-ﬂ )6+%[ (au +,8w) UH
Rl j’; [( U +ﬂW) T — %T’ iaﬁ+iﬂw—2ﬂ’)}, 2.13)

p[i(aU+ﬂW—w)w+W'ﬁ]=—iyf42ﬁ
+%iw”—(a2+/32)w+%[iﬂﬁ'—ﬁ(aﬁJrﬂﬂ))”

+Lig—;[ (w +lﬂv)+W,T,+W”T]+%W”T,T], (2.14)

p[i(aUJrﬂW_w)ﬂgT’]=_(y_1)[i(aa+ﬂw)+a’]

. 1d rar o=\ Ldie N2 -
+ X2 [T —(@ )T+ - (T T +1'T)+— 5 (7) T]
K

o Re dr K dT?
M? Vo _ _
+y (v — DE[ZMU (u +iav )+2/LW (w —Hﬁv)]
M2 dpL / / —
= —(U2 WZ)T , 2.15
+y (v )Re [dT + (2.15)
p[i (aﬁ+ﬂw)+ﬁ/]+i(aU+ﬁW—w),5+p’5=0, (2.16)
p=pT +Tp. (2.17)

In the above equations, Re = pJUJL*/u¥ is the Reynolds number, M = U, /,/ yR*T* the freestream Mach
number, y = C/Cy the ratio of the specific heats taken to be 1.4 and o = p*C},/«* the Prandtl number.
Notice that the Prandtl number is a function of temperature in this formulation and primes (") denote differen-
tiation with respect to y. Equations (2.12)—(2.14) are the momentum equations, (2.15) is the energy equation,
(2.16) is the continuity equation and finally (2.17) is the equation of state. The boundary conditions for the
above system at the wall and at the freestream are as follows:

i1(0) = 5(0) = w(0) = T(0) = 0, (2.18)
i), 5(y), w(y), T(y) = 0 asy — oo. (2.19)

As both the equations and the boundary conditions are homogeneous, the system constitutes an eigenvalue
problem. The parameters of the problem are o, B, and Re, whereas w = w, + iw; is the eigenvalue. On the
other hand, i, v, w, p, T, p, i and w are the components of the eigenfunction. The above system can be
put in a more convenient form for a numerical solution. For this, linear combinations of (2.12) and (2.14) are
more convenient. To this end, (2.12) is multiplied by « and added to (2.14) multiplied by 8. The resulting
equation is now the momentum equation in the direction of the wavenumber vector k and replaces (2.12) in
the modified system. Likewise, (2.12) is multiplied by B and subtracted from (2.14) multiplied by «. This
equation in return, is the momentum equation in the direction perpendicular to the wavenumber vector and



6 S. Ozgen, S. A. Kircali

replaces (2.14). Thus, the system of equations given above can be reduced to a system of first-order equations
by defining eight new variables as follows:

X\ =ai+pw, Xr=ci +pi, Xz=10, X4=p/yM>,

Xs=T, X¢=T, X;=aw—pBi, Xs=aw — Bi. (220
In terms of the new variables, the system in (2.12)—(2.17) is rewritten as
X/l = X», (2.21)
X, = [if—;(aU+,BW —w)+ (a2+/32)} X, — lZ—;T X

Re ( o/ N2y (LT Ldm
+ MT(aU+ﬂW) i (o +ﬂ)(3T+ dTT)i|X3

2 o | . Re y M? 1 du / /
+(a®+B )[17—T(aU+ﬂW—w)}X4—[;ﬁ(aU -|—,8W)}X6,

(a +,3) d 1d2[1, ’ ’ ’
+| S @U W - a))—;ﬁ(aU +,3W) Lo’ (aU —I—ﬁW) Xs.
(2.22)
, T
X3=—1X1+TX3—zyM @U + W — ) X4 + — (ozU+,3W w) Xs, (2.23)
cx, =iz dMT/+4T/ X, —iX
4TI\t Ty )T
41", , 5 Re 41duT
A — == (aU + BW — - |x
+|:3T (a +,3) T (a + B a))+3 T Ti| 3
RYE T/( U+ BW )+( U’+ﬁW’)+1d“T’( U+ BW—w)b X
—i= — (a - o ——T (« )
YT a7
18 I(U/-l-,BW/)-i-ld (U—i—ﬂW ) +'1d“( U/+,BW/) X
13 T o ar T o w l,udT o 5
41
—Hg?(aU—i—,BW—a))Xg, (2.24)
Re 4 2
C=—tizyM @U+pW o), (2.25)
o
X5 = Xe, (2.26)
r (y—DoM? / ' oReT 5
X6_—2W(aU +ﬁW)X2+ A= hoM (aU +/3W)
—1)oReM?
—iL(aUJrﬁW—w)pr[(a2+ﬁ2)+z
de . d*c (y —DoM?du
- "1 U?+w
(dT tarz ) 1 dT( + )}
2dk (y —1)oM? , ,
I xe -2 — 2" (aW — BU') Xs, 2.27
P 6 @+ ) (ot B ) 8 (2.27)

X; = Xs, (2.28)
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’ Rel / ’ 1 d[,L ” " dZ[L/ ’ /

X:--(W—U)X———(W—U) —T(W—U)X

8= T o B 3 u[dT B tarz! @ B 5
1du / / .Re 1 5 5 1du
———|aW —BU ) X —— (U W — X7 — ——T Xg. (2.29
ar @V =80 6+L1LT(Q FBW — o)+ (@4 ) | X = T X (229)

Also notice that in the above equations, p is replaced by 1/7T, because the equation of state in dimensionless
form reads pT = 1, assuming that the mean pressure is constant across the boundary layer. The boundary
conditions given in (2.18) and (2.19) are rewritten in terms of the new variables:

X1(0) = X3(0) = X5(0) = X7(0) =0, (2.30)
X1(y), X3(y), X5(y), X7(y) —> 0 asy — oo. (2.31)

2.2 Mean flow equations

The stability problem of two-dimensional, compressible flat-plate boundary-layer flows are solved in this study.
Therefore, appropriate equations must be solved to account for the velocity terms (U, U LU ete), tempera-
ture terms (T, 7", T, etc.) and temperature-dependent fluid properties in the stability equations. The velocity

component in z-direction and its derivatives (W, W/, etc.) are all zero, as the mean flow is two-dimensional.
For the velocity field, the momentum equation is solved:

2 (M’U’ + MU”) +FU =0. (2.32)

Notice that the above equation is a modified version of the Blasius equation in incompressible flow and F

is the dimensionless streamfunction defined as F = pU. As the velocity and temperature fields are coupled
in compressible flow, the energy equation must be solved simultaneously with the momentum equation. The
energy equation is as follows:

2 (gT) FFT ==2(y = ) M?u (U’)2 . (2.33)

The boundary conditions are as follows:
y=0,F=F =0,T=T, orT =0, (2.34)
y—>o00, F > 1,T—1. (2.35)

As depicted in (2.34), either constant wall temperature or adiabatic wall boundary conditions can be treated.
However, in this study only adiabatic walls are considered. The fluid properties occurring in (2.32) and (2.33)
are all temperature-dependent, that are computed using the following empirical formulae [7]:

m_(wfﬂﬁ+$ (2.36)

we  \Ty) T*+Sy '
T*1/2

Kt = Sk (2.37)

214 (s3/T%) 107587

_ 2 0%/ T*
. Yperf — 1 o* e
C; = C;perf 1+ (—) (_T* —9*/T* 3 . (2.38)
Vperf (e — 1)

The expression in (2.36) is the well-known Sutherland’s viscosity law, where Si‘ = 110K, S; =2.646 x 1073
W/mK, §5 =245.4K, §§ = 12K and 6* = 3055 K. Meanwhile, C ;perf and yperf are the specific heat and ratio
of specific heats for a perfect fluid, taken to be 1,006J/kgK and 1.4, respectively. In the formulation outlined
above, non-dimensional forms of the fluid properties are used. The latter are obtained by using the freestream
values of the corresponding properties. The reference temperature, 7, has an influence on the dimensionless
fluid properties, hence on the results of the analysis. For this study, it is chosen as 288 K for all the cases treated.
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3 Solution method

At a distance sufficiently far away from the wall (at the uniform freestream), U = T = u = « = | and all
y-derivatives are zero to a good approximation and (2.21)—(2.29) have constant coefficients. The first six of
these, (2.21)—(2.27) can be written as a system of three second-order equations:

X/l/ =cn X1+ c12X4 + c13Xs, G.D
XZ =1 X1 + c22X4 + 23X, (32)
XS’ = c31X1 + c32X4 + ¢33X5, 3-3)
with
cin = (a2 + B%) +iRe (U, + W, — 0), (3.4
) 2 i 2
Clz—l(a + B )|:Re+§yM (aUe—i-,BWe—a))], 3.5)
1
C]3=§(Olz+l32) (aUe + BW, —w), (3.6)
— (3.7)
) 2y Re 2 4 _ 2 RV
cn=(@+p) - |yM =30y — DM | (@Ue + W, — )", (3.8)
e
Re 4 2
cn=—\1—=0) (U, + BW, —w)”, (3.9
C. 3
— (3.10)
3 = (¢ + B%) +ioRe (@Uc W, — ), (3.12)

with C, defined in (2.25) evaluated at the uniform freestream:
Ce:Re+igyM2 (U, + BW, — ). (3.13)
Note that in the current study, U, = 1 and W, = 0. Equations (3.1)—(3.3) permit solutions as
X' =AM i=1,...,6. (3.14)

Here, A; are the six characteristic values, X! and A’ are the three component solution and characteristic vectors
corresponding to the i ’th characteristic value, respectively. Characteristic values of the above system are

ha=F (', (3.15)
) 127172

A4 =7F {0.5 (c22 +¢33) +0.5[(c33 — c22)” + 4eazen] } , (3.16)
1/211/2

Aso = F 0.5 (c2 +e33) = 0.5 [(e33 — e)? +demsen] 7] (3.17)

At the uniform freestream, (2.28) and (2.29) become decoupled from the rest of the equations and can be
written as ,
X7 = [iRe (@U, + BW, — w) + (o + B)] X7. (3.18)

The eigenvalues corresponding to this equation are
Mg =hrio=TF ()2 (3.19)

Only the characteristic values with a negative sign are relevant because of the requirement for decaying solu-
tions at the freestream given by (2.31). Elements of the characteristic vectors corresponding to the remaining
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characteristic values can easily be found by using linear algebraic methods. These have been also verified with
a commercial software [17].
Elements of the characteristic vector corresponding to A are

aj =1, (3.20)
app =0, 3.21)
a3 =0. (3.22)
Elements of the characteristic vector corresponding to A3 are:
as1 = [c12 (c33 = 23) —cizexn] / (A5 —en) (3.23)
azp = ¢33 — )%, (3.24)
ay = —cxn. (3.25)
Elements of the characteristic vector corresponding to A5 are
as1 = [e1z (e33 = 43) — ezex] / (A5 —enr) | (3.26)
asy = ¢33 — )»g, (3.27)
asz = —C32. (3.28)
With these, the elements of the solution vector become:
X1(y) = kian e + ksaz e + ksasi ™, (3.29)
X4(y) = kiaine™? + kzaze™? + ksasye’s”, (3.30)
Xs5(y) = kiaize™? + ksazze’ + ksasze™s?, (3.31)
Xa(y) = kianirie*” + ksazihze™ + ksasihsesY, (3.32)
X6(y) = kiaishie™ + kzazshze™ + ksaszrse™”, (3.33)
X300) = ky |:—ia11 —i(aUe + ﬁW;l— ) (yM?a — 6113):| Sy

+k3[ ias) l(OtUe+ﬁW; ) (y M2az asa)}m
3

. —i(aU, + BW, — M?2 _
+k5[ ias) — i (U, + W, — w) (y M?as) 6153):|ek5y' (3.34)
As
On the other hand:
X7(y) = kze7?, (9:39)
Xg(y) = kyhze’. (3.36)

In the above equations, ki, k3, k5 and k7 are constants. These solutions provide the initial conditions for
the integration of (2.21)—(2.29). A fourth-order Runge—Kutta—Fehlberg method that uses variable stepsize is
employed for the integration [18]. As integration proceeds from the freestream towards the wall, the linear
independence of the four solutions may be lost due to round-off error. Therefore, before this happens, Gram—
Schmidt orthonormalization technique has to be used [3,19]. For this study, the algorithm is applied at every
Ay = 0.1 interval and no difficulties have been encountered with. In addition, the mean flow (2.32) and
(2.33) are integrated simultaneously with the stability equations employing the same Runge—Kutta—Fehlberg
integrator used for the integration of the stability equations.

The stability diagrams like those shown in Fig. 3 are obtained using Newton iteration in two variables.
This method requires two initial points on the curve so that the iteration can proceed in the specified Reynolds
number direction. These two points are calculated using a function minimization algorithm utilizing the sim-
plex method [20]. The Newton iteration fails at the critical Reynolds number and the procedure is repeated for
the remaining branch of the curve so that the two branches meet there.
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4 Results of the stability analysis
4.1 Mean velocity and temperature profiles

Figure 1 represents the velocity and temperature profiles obtained numerically by solving (2.32) and (2.33)
with the boundary conditions given in (2.34) and (2.35). The second derivative of velocity is also presented,
because this quantity plays an important role in the stability phenomena. In order for the stability calculations
to yield accurate results, it is imperative that these profiles are produced with great accuracy.

For validation, the velocity profiles obtained in this study are compared with experimental, theoretical and
numerical results reported in the literature for M = 2.4 and M = 5.0, as shown in Fig. 2. Notice that the
normal distance y* is made dimensionless by the momentum thickness 6* in Fig. 2a and by the displacement
thickness 6* in Fig. 2b. The profiles of the current study are presented for 7," = 50K and 7 = 288 K in order
to demonstrate the effect of reference temperature. From the figure, it can be observed that the current profiles
are in very good agreement with those reported in the literature.

Having assured the accuracy of the velocity and temperature profiles, we can now move confidently to the
results of the stability analysis.

4.2 Two-dimensional disturbances

Stability data are typically presented in the form of contour plots in the (Re — «) plane, such as Fig. 3,
where each contour is a level curve of the growth rate defined by the imaginary part w;of the eigenvalue. The
diagrams illustrate the constant amplification curves for two-dimensional disturbances (8 = 0) for different
Mach numbers. In each graph, the outermost curve corresponds to ¢; = 0, the neutral stability curve. This
curve separates the unstable region (c; > 0) and the stable region (¢; < 0), that remain inside and outside the
curve, respectively.
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Fig. 1 Velocity and temperature profiles for compressible flat-plate boundary layers. a Velocity profiles, b temperature profiles,
¢ second derivative of velocity, d second derivative of velocity (expanded view)
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Fig. 2 Comparison of velocity and temperature profiles of the current study with theoretical, experimental and numerical profiles
reported in the literature.a M = 2.4, b M = 5.0

An important outcome of the analysis is the critical Reynolds number. This is the Reynolds number, below
which no amplified disturbances are observed. In other words, it is the smallest Reynolds number on the neutral
stability curve. This is demonstrated on the neutral stability curve corresponding to M = 0.

The importance of the M = 0 curves is that they correspond to incompressible flow. When these curves
and the corresponding critical Reynolds number are compared with those given in the literature, like Ref. [22],
an excellent agreement is observed. The critical Reynolds number calculated in the present study (R = 301.7)
agrees very well with the values given by Schlichting [16] (R = 302.2) and Obremski et al. [22] (R = 302.1).

In the interval 0 < M < 2, although the shapes of the constant amplification factor curves do not change
significantly, the amplification factors (c; values) decrease substantially, i.e., the flow is stabilized. Viscous
instability is dominant in this Mach number range, as the range of unstable wave numbers decrease as the Rey-
nolds number increases. Obviously, compressibility has a stabilizing effect on the viscous stability mechanism
in this range.

However, the stability characteristics change significantly for Mach numbers above 2. In the M = 3 curves
for example, typical inviscid instability characteristics are observed, because the range of unstable wave num-
bers remain unchanged with increasing Reynolds number. For this Mach number, the amplification factors are
further reduced compared to the M = 2 case. From these curves, we also observe that there are two isolines
with the same ¢; value, giving a hint for the second mode that emerges at higher Mach numbers. Indeed,
M = 4 curves indicate that there are two distinct modes of instability. The curves at the lower part of this
graph (small wavenumbers, long waves) correspond to the first mode related to the Tollmien—Schlichting mode
also present in incompressible flow, whereas the curves on top (high wavenumbers, short waves) correspond
to the second mode (inviscid mode or Mack mode), which has no incompressible counterpart. This mode is
inviscid in nature and appears as a result of continuing reflection of acoustic waves between the wall and the
relative sonic line [3]. It occurs when M = (U —¢y) /a > 1, i.e., when the disturbances are supersonic. It is
also worth mentioning that at M = 4 the amplification factors of the first mode and the second mode have
comparable magnitudes. What we also observe is that the first mode has destabilized compared to the M = 3
case, as the amplification factors have become higher.

When the Mach number is further increased to 6, we observe that the instability range of the second mode
moves to lower wavenumbers (longer waves) accompanied by a significant destabilization judging from the
magnitudes of the amplification factors. Meanwhile, the first mode instability range widens slightly, together
with a noticeable increase in amplification factors.

In the M = 7 curves we see that the first and the second modes merge. In this case, the second mode moves
down to lower wavenumbers, finally meeting the curves of the first mode. Although we now have a single
neutral stability curve, the traces of two modes can still be observed, as we have two constant amplification
curves for the same amplification factor, ¢; = 0.004. There is slight destabilization compared to the M = 6
case but the strong destabilization trend after M = 4 has obviously slowed down.

The M = 8 curves look more like they belong to a single instability mode, but upon further examination,
the legacy of the two modes is still noticeable. The unstable region has further shrunk in this case, confined to
aregion 0 < o < 0.18. Meanwhile, we observe no significant destabilization or stabilization compared to the
M =T case, because the amplification factors are almost the same in both cases.
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The highest Mach number for which computations are performed is 10. The results for this Mach number
are shown in the last part of Fig. 3. Here, the curves have totally merged and belong to a single mode of
instability. Again, there is no significant destabilization compared to the previous case.

The summary of the stability calculations for two-dimensional disturbances is presented in Fig. 4. Here
the variation of the critical Reynolds number with Mach number is illustrated. As explained above, in these
computations, the second mode appears at M = 4 and continues to exist as a separate mode until M = 7. At
this value of the Mach number, although there is one neutral stability curve as depicted in Fig. 3f, there are
two distinct “fingers” each having its own critical Reynolds number. Both of these are included in Fig. 4. This
is also the case for M = 8, but for M = 10, there is only one “finger”” and only one critical Reynolds number.
Therefore, only one data point exists for M = 10 in Fig. 4. From Fig. 3f, g, we understand that for high Mach
numbers the instability is governed by the second mode. Therefore, the critical Reynolds number for M = 10
is included in the second mode curve, rather than the first mode curve. The two curves depicted in Fig. 4 show
that the first mode is strongly stabilized between 2 < M < 4 and is destabilized for M > 4. Meanwhile,
the second mode is continuously destabilized with increasing Mach number. The stability characteristics of
the flow treated in this study are governed by two factors. First of these is the velocity profile shape and the
second is the mechanics of the instability waves. Whenever M > 0, due to increasing wall temperature, an
inflection point in the profile occurs. If we think of the compressible flow profile as a heated wall profile
to a first approximation, such profiles have destabilizing effect on the flow as demonstrated by Ozgen [23].
Meanwhile, compressibility has a strong stabilizing effect on the first mode wave mechanism as inferred from
the results. Among the two factors, we see that the stabilizing effect of compressibility is much more dominant
in the range 2 < M < 4 compared to the destabilizing effect of the velocity profiles.

However, this changes when M > 4. As the Mach number increases, the inflection point moves away from
the wall as illustrated in Fig. 1, strengthening the inviscid instability mechanism. For M > 4, it is argued that
this effect becomes more dominant compared to the stabilizing effect of compressibility, which explains the
destabilization of the first mode.

As the second mode is inviscid in nature, the velocity profiles (and the corresponding inflection points)
have a dominant effect on the stability characteristics for the entire range of relevant Mach numbers. This
explains why we observe a continuous destabilization of this mode as the Mach number increases.

The mentioned curves are compared both qualitatively and quantitatively with the results reported by
Mack [3], Arnal [5] and Masad et al. [6]. Arnal and Masad et al. have used spatial amplification formulation,
while Mack has used temporal formulation similar to the current study. Mack has taken the viscosity and
heat conduction coefficient as temperature-dependent but has assumed constant specific heat. The range of
Mach numbers treated in his study justifies this assumption. Meanwhile, Masad et al. have taken all the fluid
properties as temperature-dependent, while it is not clear how these were treated in Arnal’s study. It is worth
mentioning that Mack has taken the reference temperature as SOK, whereas in Masad et al.’s study it has been
taken as 300K. This parameter is chosen to be 288K in the current study. Arnal has not explicitly mentioned
a reference temperature, however, it can be inferred from his results that it is close to Mack’s choice.
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Fig. 5 Comparison of the neutral stability curve calculated in the current study with that of Masad et al. [6] for M = 8

The choice of the reference temperature depends on the purpose of the stability and transition calculations
or the particular application. For example, on the one hand, airplanes usually fly at supersonic speeds at high
altitudes where the reference temperature is low. On the other hand, missiles fly at supersonic speeds at high or
low altitudes depending on the type of missile or mission, so the choice of the reference temperature depends
on the application. Wind tunnel tests for supersonic flows are usually conducted at cryogenic wind tunnels
where the fluid temperature is low. Therefore, if comparisons with wind tunnel data are to be made, the fluid
temperature at which the wind tunnel data is obtained must be carefully determined.

Both in Mack’s and Arnal’s results, we observe that the effect of compressibility for M < 2 is small, that is
in agreement with the findings of the current study. The appearance of the second mode occurs at similar Mach
numbers (around 4) to the one found in the current study. Although there is disagreement in the quantities like
the critical Reynolds numbers and unstable wavenumber ranges, the trends that have been outlined by Mack
and Arnal are well captured by the current study. Both in Mack’s and Arnal’s results, the merger between the
two modes occur at around M = 4.8, that occurs at a much higher Mach number (M = 7) in the current study.
The shape of the neutral stability curves for higher Mach numbers are similar to those found in the current
study although the numerical agreement is not very good. The disagreement can be attributed to the choice of
the reference temperature for which there is a great difference between other studies and the current study, the
way variable properties are represented in the mentioned studies or the different formulations used. This issue
is elaborated in Sect. 5.

The agreement between the results reported by Masad et al. and the ones of the current study are much
better, because the reference temperatures chosen are very close to each other, although spatial formulation is
used in their study and temporal formulation in the current. It has to be noted that the empirical formulae used
for the thermal conduction coefficient and the specific heat are significantly different in the two studies. There
are results reported by Masad et al. that permit direct comparison. For example, their neutral stability curve
for M = 8 is compared with the one calculated in the current study, shown in Fig. 5. As can be noted, the
agreement between them is very good all around. This inference strengthens the argument that the reference
temperature is a very important parameter of the problem.

4.3 Three-dimensional disturbances

The effect of wave orientation is probably best observed for M = 4, as both modes are present with com-
parable amplification factors. Figure 6 shows the effect of the wave angle on the stability characteristics of
the two modes for M = 4. For low wave inclinations we observe that although both modes preserve their
existence, there is a strong stabilization of the second mode. Moreover, for wave angles above 20° this mode
ceases to be unstable. We can say this not only because the critical Reynolds numbers for this mode increase
continuously with increasing wave angle, but also because of the considerable decrease in the amplification
factors. Meanwhile, the first mode continuously destabilizes with increasing wave angle. The reduction in the
critical Reynolds number is significant but what is more significant is the rapid increase in the amplification
factors. There is, however, no significant change in the unstable wave number range for low and moderate wave
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inclinations. Nevertheless, there is a significant stabilization for wave angles greater than 60°. From Fig. 6f
we see that not only the range of unstable wave numbers shrink considerably but also the amplification factors
decrease slightly.

Meanwhile in Fig. 7, the variation of the critical Reynolds numbers with the wave angle is illustrated for
several Mach numbers. One observes that for Mach numbers up to unity, the most unstable waves (i.e., yielding
the smallest critical Reynolds number) are two-dimensional. However, this changes rapidly once the Mach
number is above one, and the most unstable wave direction shifts rapidly to 45° for M = 2, 55° for M = 3
and 60° for M = 4. For higher values of the Mach number, the most unstable wave direction remains close
to 60°. From Fig. 7e, f, we also observe that three dimensionality has a very strong stabilizing effect on the
second mode. These inferences are in agreement with the results outlined by Mack [2].

Figure 8 reveals a rather interesting phenomenon. It depicts the stability diagrams for the wave angles
yielding the smallest critical Reynolds number for various Mach numbers. We observe that for M < 1 the
stability diagrams show the characteristics of viscous instability, whereas for M > 2 they demonstrate inviscid
instability characteristics. When M > 2, the most unstable wave direction remains almost constant at around
¥ = 60°. What is more interesting is that for M > 4, not only the critical Reynolds number remains constant
but also the stability diagrams look extremely similar to each other with the unstable wave number ranges being
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confined to 0 < o < 0.1. Also, the amplification factors are almost identical with the highest amplification
factor universally being around 0.02. These observations suggest that the stability characteristics become a
weaker function of the Mach number when M > 4 for three-dimensional disturbances. This inference has not
been reported or mentioned in the available literature to the authors’ best knowledge. Yet, it may be related to
the well-known Mach number independence principle in hypersonic flows [24,25].

5 Effect of reference temperature on stability characteristics

This section concentrates on the effects of the choice of the reference temperature on stability characteristics.
Although dimensionless forms of the stability equations are solved in this study, the empirical formulas used
for defining the temperature-dependent fluid properties require choosing a reference temperature and this has
an effect on the results as demonstrated below.
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Figure 9 shows how important this choice can be. Here, the neutral stability curves for M = 4.8 are com-
pared for 7, = 50K and T, = 288K for two-dimensional disturbances. In the case of 7," = 288K , both the
first and the second modes are present with two separate neutral stability curves. For the 7, = 50K case, we
see a single neutral stability curve, meaning that the two modes have merged, a phenomenon that is observed
at M = 7 for T,” = 288K (see Fig. 3). Results given by Mack [3] and Arnal [5] have also been included in
the figure for comparison. On the one hand, we observe that the agreement of the results for 7, = 50K is
acceptable, all three studies predicting similar critical Reynolds numbers and unstable wavenumber ranges.
On the other hand, the results obtained for 7, = 288K are significantly different. This discrepancy can be
attributed to the way variable fluid properties are treated and different formulations used. As mentioned above,
Arnal has used spatial amplification formulation, while temporal formulation is used in this study. Although the
neutral stability curves must be identical in both formulations, the solution methods are completely different,
which may be a contributing factor to the discrepancy. Although it is unclear how the variable fluid properties
are treated in Arnal’s study, the empirical formulae used by Mack to represent the temperature dependence
of the heat conduction coefficient is quite different from the one used here. Yet, one would still expect better
agreement of the results of the current study and Mack’s, as the formulation and the solution methods are
similar. Furthermore, when one remembers the near-perfect agreement with the results of Masad et al., where
there is less commonality both in the formulation and the solution method with the current study, it is rather
unexpected that the current results and those of Mack do not agree better.

A similar comparison is performed for three-dimensional disturbances. Figure 10 illustrates the effect of
reference temperature on the neutral stability curves for M = 4.5 and ¥ = 60°. Evidently, the effect of
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reference temperature is less pronounced for oblique waves than it is for two-dimensional waves. Again, the
results for 7," = 50K case is in better agreement with the results given in the literature. Obviously, the effect of
reference temperature is more significant for high Mach numbers, for which temperature gradients are strong,
i.e., effect of temperature field is more important. However, for three-dimensional disturbances, the effect is
less obvious.

6 Conclusions

Stability characteristics of compressible flat-plate boundary layers are determined using the LST. The results
confirm that as soon as there is relative supersonic flow, a second mode of instability (Mack mode) is observed
in addition to the usual first mode, more prominently for two-dimensional disturbances.

The second mode is rapidly stabilized as wave inclination is increased and only the first mode is observed
for high wave angles. The most unstable wave directions are typically around ¥ = 60° for moderate and high
Mach numbers.

The reference temperature has proven to play an important role on the stability characteristics, especially
for high Mach numbers. This parameter even determines whether or not the inviscid second mode is unstable
at high Mach numbers.

Probably the most interesting and important result of this study is the behavior of the stability curves for
M > 4foroblique waves. The stability characteristics remain almost unaltered as the Mach number is increased
beyond 4 up to 10, provided that the wave orientation does not change. To the authors’ best knowledge, this
is a novel result.

The data obtained are compared with numerical data in the literature yielding acceptable to good agreement
depending on the case. The discrepancies are mainly attributed to different reference temperatures chosen by
different researchers, use of different empirical formulae for temperature-dependent fluid properties, and use
of different formulations or a combination of all.

As a result, the wide range of Mach numbers treated, detailed analysis of stability characteristics and
encouraging agreement of the results with experimental and numerical data in the literature renders this study
worthwhile.
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