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The equations of motion in the globalgpset

K. u+M_u. =P (A.1)
99°9¢ 99 ¢ 9
The 1st partition is for the rigid elements and MPC. Assuming that the relation between
then-set(Independent set) and theset(dependent set) is

U, =TUp Uy = TpU (A.2)
The work performed by the forces introduced due to the MPC must be zero. That is
T
—T B
C, = mhig,=0 (A.3)
9 L
Substituting (A.2) and (A.3) into (A.1) and partitioning yields
- T 10 0 [ — | 0 _— O
Kon Ko T U § | Mo Mom B 8 8 Pn £
+ "O= A.4
KmnKmm _I éumé anMmmEUmE Epmé ( )
Ton -1 0 g0ng [Tan -1 5 0 7

Where the bar over certain terms refers to the elements in the partitions of g-size matrix
before reduction to the-set.This notation is used throughout the derivation.
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Expanding and Substituting (A.2) far, U yields 3 equations

Rnnu +Kanmnun'l'-rmnqm'l'Mnn[j +Manmn n - |5n
Km Kmmen n_lqm+ M u+Mmmenu - I:)m (A-5)
Tmn n ITmnun"'-r ITmn n =0

Solving the second equation in (A.5) fpr,  and substituting this into the first equation in (A.5)

yields one equation in terms of, i, in the form.

T []
Kon* K ran* Tl K * Ko el B+ ()
[] []
1 T 1. = T
EMnn"' MomTmnt TidMmn® M mnl EU = Pn+ ThnPm
or
Knnun"' |\/lnnunn = I:)n (A.7)
Where
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T
Knn = Knn+ Kanmn+Tmn[Kmn+ Kmmen]

_ T
Mmm = Mnn+ Manmn+Tmn[an+ Mmmen]

_ T
P =P,+T P

mn m
Now reduce tha-setbased on Single Point Constraints (SPC) testhetand thef-set
Us = Y (A.8)
From equation (A.6) (dropping subscripts) we partition intostisetandf-setas
[] [] [] O 0O_ 0O
Kg¢ KegOU: O (Mg Mo JOU:; O OP; O
ff st fD+ ff st fa=g" ' (A.9)
stKsEYsE MsstEOE EPS%
Expanding gives
KegUe +Ke Y + M lic = Py
ff - f fs's ff - f (A.10)

stuf + KssYs+ I\/ISfo - Ps

The first of equation (A.10) can be rearranged to give
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Expanding yields

Kaa Ka
_Koa Koo

KeUs + Mgty = P =K

or
KiUs+ MU = Py
with
Pf - Pf_KfSYS
Reduction from thé-setto thea-setando-setthrough Guyan Reduction
[] [] ‘m M 1o.. 0 O_— O
1Ua g, |Maa Meg 0l B P
G0 5 MoaMogjto 5P 5
Kaaly + K, oUg + Mgty + M U, = Py

Koaua+ KOOuO+M u= P

From the second equation in equation (A.15) solveifor  as

Kolonay

A y
Koo[ I:)o o Koaua_ I\/Ioaua

0] a]

(A.11)

(A.12)

(A.13)

(A.14)

(A.15)

(A.16)

A.6



CRD

Kolonay

Now in a manner consistent with Guyan reduction, the mass matrix is reduced using a
static condensation transformation of the mass matrix to relate the omitted and retained
degrees of freedom:

o -1 .
Uy = 1KyoKoally = Gguy (A.17)

Now substituting equations (A.16) and (A.17) into the first equation of (A.15) and rear-
ranging yields

_ _ T T . _ T
[Kaat KyoGoluy t [Mgg+ M, G, +G M, +G M G lu, = P,+G P, (A.18)
or
Kaaua"' Maaua = Pa
with

Kaa = Kaa*t K, .G,
__ T T
Maa = Maa+ MaoGo+GoMoa+GoMooGo

- T
P, = P,+G_P,
With the matrices in tha-setthe final partition is to thesetandr-set
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- 1O O 0. 0 O~ O
Ky Kylou, o ([My Mylou, 0 0P, O

e g “"le'a=o_'c (A.19)
_Kr| Krr_% ur E _M rl Mrr_% ur E E Pr E

The r-set contains degrees of freedom equal in number to the number of rigid body modes
In the structure. The r-set displacements are arbitrarily set tozero(0 ). This does not

mean however that, = 0 . Consistent with the methodology in both ASTROS and NAS-

TRAN solving equation (A.19) begins with the determination of the rigid body mode
shapes. They are determined by solving for the displacements of an unloaded structure
using the stiffness matrix as

-1
or
fu L
u
o' o= Pl (A.21)
Ou, O I
[] []
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with
-1
D = K, K, u, (A.22)

designated thagid body transformatiommatrix. Also, assuming uniform acceleration as a
rigid body (here the accelerations include only rigid body motiong)ithe  can be

expressed i a similar manner

U,

Uy

= H {ii } (A.23)

.
.

With equations (A.21) and (A.22) the transformation of (A.19) taetcan be per-
formed as

[] []
i iellD My Myl b, oy OP O

L D' | J K. K, L}{Ur} +L D' | J MW, L}{U} = L o | Jgﬁr E(A.24)
[] []

Expanding yields
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T T > T T T
[D'K,D+D'K, +K,D+K,]{u}+[D'M;D+D'M, +M,]{u}  (A.25)
T _
=D'P+P
| r
or
KU+ M U = Py (A.26)

with after substitution foD, DT irh(rr

T -1
Ker = K =K KK,
T T -
M, =m, =D M;D+D M, +M,, (A.27)
T _
P, =D P +P,
whereM, is often referred to as thgid body massnatrix.

Now invoking the initial assumptiod, = 0 equation (A.26) becomes

M, (jr = P, (A.28)
and the rigid body accelerations due to the applied loads can be computed as
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. 1
u = M, P, (A.29)
With l-.l-r andl'jI can be found from equation (A.23) to be

u = DU, (A.30)
Substituting this result into the first equation in (A.19) and again recallingthat O the

u, displacements can be solved for as
-1 - .

where it Is worth noting that M, Dl.J-r —M, U, Isthe modification of the load vector due

to rigid body inertial effectsu;  are the displacements ir-#eincludinginertial relief
effects.These deformations are relative to the support point

Recover of the Displacements to thset

Onceu, has been determined the displacement and accelerations in the a-set are found by
a simple merge operation as
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0 O
u, =0 " O=0 "0
OJu O 0o QO
0 O
(A.32)
0. O
Ou O
= 0. 0
Ou, O
0 O
To recover th®-setuse equations (A.16) and (A.17) which yields
-1 N
Koo[Po_KoaUa_Moaua_Moo a] (A.33)

-1 . N
= _[KooKoa] Ua = Goua
y L : .. N :
Where-M U, —M,u, = P, can be identified as the inertial loads. Also noting that

KOOK%l = G, the equation (A.33) can be written as
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uo - Koo[ I:)o + I:)o] + Goua

. (A.34)
Uo = _[KooKoa] Uy = Goua
To recover to thésetsimply merge tha-setand theo-setto
0 O
Ou, O
Us = [] []
Ou, O
O O
(A.35)
0. O
} O uy O
Ug =0~ 0O
Ou, O
HE

For then-setrecovery we merge tHesetanda-set Thes-setaccelerations are zero and
the displacements are specifiedrin . Thereforentbetis
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c

=)

I
11
o &
110

For recovery of the m-set dependent displacements and accelerations use equation (A.2)
which gives
u, =T, .U

o e (A.37)
Un = Tmnun
Using the second equation in equation (A.5) the MPC fagges can be obtained as
qm - Kmnun + Kmmenun + M U + Mmmen n (A38)

Finally, to get they-setdisplacements, merge thesetand them-setto obtain
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(A.39)
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As a final note. When the n-set was reduced td-#e¢and thes-setthe SPC forces were
not included in equation (A.9) If the SPC forces are of interest equation (A.9) can be

recast as
i 10 [ U 0 0= 0
Ki Kis O|0Us O (Mg M OlOU; 0 OP¢ O
L] L] [] 0O []
st Kss_l EUS E-I_ MsstsOE 0 E_EPS% (A.40)
[] [] [] 0 O []
0 I 0j]§40s5 [0 0 0504 ZYsH

Using the second row of equation (A.40) the SPC fogges  can be solved for as
Qs = — P+ KU + K U+ M (U (A.41)
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