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SOUND GENERATION BY TURBULENCE AND SURFACES
IN ARBITRARY MOTION
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The Lighthill-Curle theory of aerodynamic sound is extended to include arbitrary convective
motion. The Kirchhoff description of a homogeneous wave field in terms of surface boundary
conditions is also generalized to surfaces in arbitrary motion. The extension is at variance with
the two previously published accounts of this problem which are erroneous. When both the
bounding surfaces and the turbulence are compact relative to the radiated length scales, the
turbulence is acoustically equivalent to a volume distribution of moving quadrupoles and the
surfaces to dipole and monopole distributions. At low convective speed, their field increases as
powers of the Doppler factor |1—AM,|~!. Convective acceleration generally gives rise to new
source terms at this condition. At the Mach wave condition when the Doppler factor is singular,
both the turbulence and surfaces are non-compact and are acoustically equivalent to monopole
distributions. Convective acceleration then tends to limit the radiation. At this condition the
surface sources are quite unrelated to the low-speed sources, being second order in the field variable
contrasting with the linear low-speed terms. At high supersonic convective speeds, the field is
dominated by an intensive beaming along the directions of Mach wave emission that lie normal to
the surface. The magnitude of the field then varies inversely as the Gaussian surface curvature. If
the surface has only single curvature the field is proportional to r—% and if it is locally plane at this
condition, the field no longer decays with distance travelled. There are indications that the surface-
induced intensity increases as the square of surface speed at high supersonic speeds.

1. INTRODUCTION

Lighthill (1952, 1954) has shown how the problem of aerodynamic sound can be posed as

an acoustic analogy in which the turbulence provides a quadrupole distribution in an ideal

atmosphere at rest. He described the general properties of the induced field and developed

the dominant effect of steady low-speed solenoidal source convection. The field increases

as |1—M,|~3, M, being the Mach number at which the source approaches the field point.
+ Present address: Rolls Royce, Advanced Research Laboratory, Derby.
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322 J. E. FFOWCS WILLIAMS AND D. L. HAWKINGS

Ffowcs Williams (1963) extended this theory to account for high-speed steady solenoidal
convection and showed that relatively intense but finite fields were radiated in the
Mach wave direction where the Doppler factor, |1 —AM,|~}, is singular. Curle (1955) gave
the general effect of static surfaces, showing them to be equivalent to surface dipole distribu-
tions. Lowson (1965) developed the theory of point multipoles in arbitrary convective
motion inferring without proof that moving aerodynamic surfaces could be modelled as
moving point dipoles. In this paper general expressions are developed for the equivalent
sources of arbitrarily moving aerodynamic bounding surfaces with adjacent turbulent flow.
It transpires that only at low subsonic speeds can surface effects be treated unambiguously
by Lowson’s model. This paper then goes on to discuss general features of the radiated field
by source distributions in arbitrary motion and to discuss general features of the sound
generated by turbulent flow around high-speed aerodynamic surfaces.

Curle’s (1955) extension of Lighthill’s theory to account for surface effects made use of
the Kirchhoff boundary solution to the homogeneous wave equation. In principle a theory
accounting for surfaces in arbitrary motion might start with extensions of the Kirchhoff
problem to moving surfaces published by Morgans (1930) and Kromov (1963). However,
these theories are mutually incompatible and both contain errors, Kromov’s a fundamental
error at an early stage in his analysis, and Morgans’s a minor inconsistency at a later stage.
A correct extension of the Kirchhoff problem is therefore not available as a starting-point,
but is one of the results of this paper (equation (5:3)).

Thefollowing analysis makes extensive appeal to generalized function theory. Generalized
forms of the field variables are established to hold over a continuous infinite space. In that
part of the space occupied by fluid they are equal to the real field variables, but in regions
within the surfaces they have a well-defined simple form. Discontinuities across the surfaces
account for concentrated surface source distributions. In §2, equations governing the
generalized density fluctuation are arranged in an inhomogeneous wave equation of the
Lighthill type, with quadrupole, dipole and monopole inhomogeneities, the latter two
being concentrated on the bounding surfaces, if any.

Section 3 describes four alternative descriptions of the radiation field of arbitrarily moving
multipole distributions. One of the forms (equation (3-21)) is a generalization to a distribu-
tion of the result given by Lowson (1965) for a point source. However, this particular form
suffers from extreme interpretational difficulties in regions where |1 —AM,|-! - o0. It is a
particular object of this paper to deal effectively with this Mach wave régime and for this
the alternative forms, equations (3-22), (3-23) and (3-24), are far more appropriate; they
contain no singularity at the Mach wave condition. These results are developed further in
§4 to represent surface multipole distributions in arbitrary motion, equation (4-6) being the
general result. In this equation one singular point remains. The denominator of this equation
vanishes if the surface approaches the field point along its normal at exactly sonic speeds.
This condition is a special condition treated separately in § 7 where it is shown that an
intense beaming of sound can then arise. Section 5 is devoted to a statement of the formal
general solutions of the Kirchhoff and aerodynamic sound problems that emerge from an
application of the foregoing analysis.

The formal solution is discussed in §6 in so far as it affects the field generated by the
distributed volume sources. The previous results of the Lighthill theory emerge as special
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cases as does the extension to cover high Mach number convection. Unsteadiness of the
convective field is shown to induce additional source terms but also a moderating influence
on the Mach wave field. Equation (6-12) gives a continuously valid general expression for
the parametric dependence of the density field, and is identical to that obtained for special
models of the flow by Ribner (1962) and Ffowcs Williams (1963). Equations (6:14) and
(6-15) give the analogous expressions when the field point is close to the source distribution
and when the source is undergoing convective acceleration.

Section 7 is devoted to a discussion of the general effects of moving surfaces. At low speed
when the sources are all compact they are equivalent to quadrupoles distributed on the
internal volume, together with a dipole of strength equal to the applied force plus the
displaced inertia, a result shown explicitly in (7-4). At high speeds when the sources are no
longer compact the situation is very different, the appropriate expression then being
equation (7-16) though, for ease of demonstration, this is a particular form for steady
solenoidal convective motion. The significant feature of this result is that the important
source terms at high speed are completely divorced from those dominant at low speed. The
surface effect is entirely controlled by the viscous term and by Lighthill’s turbulence
stress tensor. The one remaining singularity of that equation is then discussed to show how
the surface curvature plays a crucial role in the high-speed problem and how an intense beam
of sound can be radiated from high-speed surfaces.

Finally the paper is concluded with some qualitative implications of the theory to the
question of sound generation by high-speed aerodynamic machines.

2. DERIVATION OF THE GOVERNING EQUATIONS

The theory of aerodynamic sound is built upon the equations of mass and momentum
conservation of a compressible fluid. These equations are valid in the region exterior to any
closed internal surfaces that may be present, and can be combined to give an inhomo-
geneous wave equation governing the generation and propagation of sound waves in that
region (Lighthill 1952; Curle 1955). Such a situation is essentially inhomogeneous in space,
in that these equations are valid in the volume outside the surfaces, but are meaningless
elsewhere. However, spatial homogeneity can be restored if this situation is abandoned in
favour of the following one. An unbounded fluid is envisaged, but one which is partitioned
into regions by mathematical surfaces that exactly correspond to the real surfaces. The motion
of the new fluid on and outside the mathematical surfaces is defined to be completely
identical with the real motion, whereas the interior flow can be specified arbitrarily. Thus
the original situation is embedded in a more general one, and any problem in the real fluid
is matched by one in the unbounded fluid, their respective solutions being identical in the
exterior region. The interior motion is usually assumed to be very simple, and consequently
does not match the exterior flow at the boundaries. Mass and momentum sources have to be
introduced to maintain these discontinuities, and these ultimately act as sound generators.
The equations governing the unbounded fluid are then conservation equations with sources,
and are valid everywhere in space, thus restoring homogeneity to the problem. The mathe-
matical description of the unbounded fluid is aided by the use of generalized functions
(Jones 1966), which enable the discontinuities to be handled quite simply. The new mass

42-2



324 J. E. FFOWCS WILLIAMS AND D. L. HAWKINGS

and momentum equations for a fluid with discontinuities are derived by an extension of the
usual techniques.

Consider a fixed volume of fluid V enclosed by a surface 2. Suppose V is divided into
regions 1 and 2 by a surface of discontinuity S encroaching on region 2 with velocity v.
$ may consist of several closed surfaces. Let 1 be the outward normal from V, and let n be
normal to § going from region 1 to region 2. The superscripts 1 and 2 refer to the two
regions, and an overbar implies that the variable is to be regarded as a generalized function
valid throughout V, e.g. pis equal to p{Vin V® and p®@in V@, If p represents the fluid density,
then the rate of change of mass within V'is,

d d d
2 34 =_f may+2 @qy. 21
al 797 =l g e ®1)
The two regions have a moving boundary S, so that for each region
gl wav=—[ (u)oudz~| [p(u-0)0n,ds, (2:2)
t Ly P K

where ; is the component of the fluid velocity in the direction »; (=1, 2, 3), and a repeated

suffix implies a summation over these values. Hence the rate of change of the total mass

within Vis P L

G| pav=—[ (utaz+ | [plw—v)gnas, (2:3)
v z s

the symbol [ 1%} meaning the difference of the contents between regions 2 and 1. By applying
the divergence theorem, equation (2-3) can be written
[ (Bt ) av= [ Tplw—v)1Bn.aS. (2:4)
- ot axi i s i i/ (1) "%

If an equation of the form f = 0 defines the surface §, and is such that f < 0 in region 1 and
f> Oinregion 2, then a surface integral over § can be replaced by a volume integral over V
with the integrand multiplied by the generalized function 8(f) {(gf]dx;)%}* (see §3). Here
d(f) is the one-dimensional delta function, which is zero everywhere except where f= 0.
Now, n;{(df]dx;)%}* is equal to df]dx;, so that (2-4) leads to the generalized mass equation

ap 9 — d

Pt (o) = a0 1RO L (25)
This equation implies that, as far as mass conservation is concerned, to maintain the un-
bounded fluid in its defined state, a shell distribution of mass sources is required, whose

strength is the difference between the mass flux requirements of each region. In the same
manner, the generalized momentum equation can be deduced,

9 — 9 — 9
53 ) (ot +B5) = L+ = 0)I90S) 3 (2:0)

Here p;; is the compressive stress tensor. Equations (2-5) and (2-6) are the general forms of
the equations governing the unbounded fluid, and are valid throughout space. If there are
no discontinuities, the mass and momentum sources vanish, leaving the usual conservation
equations. It is emphasized that the only restriction placed upon the surface § is one of
smoothness, it can move in an arbitrary fashion, and change its shape or orientation.
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To investigate an arbitrary sound field in the presence of a moving surface S, the super-
script (1) is taken to refer to the region of the unbounded fluid that corresponds to the volume
inside §. In this region, the fluid is assumed to be at rest with density p, and pressure p,.
These values of density and pressure are those that would be found in the real fluid were it at
rest. As the stress tensor p;; has the same mean value f,d;; in both regions, this constant
vanishes from equation (2:6), and the symbol p,; can be remterpreted as the difference of
the stress tensor from its mean value. The interior condition is then p,; = 0. Itis also assumed
that in all practical situations, the surface § is impermeable, so that in the exterior region
u, = v,. As n is defined to go from region 1 to region 2, it represents the outward normal
from §. After replacing the interior variables by their assigned values, and dropping the
superscript (2), the mass and momentum equations become

dp 0

T 0 = pond(N) o
oo, 0 —— .
Bt i) = 150() 3L

To obtain the wave equation governing the generation and propagation of sound, pu; is
eliminated from equations (2-7), to give

(e 2y (=) = (,;jc{;x —a (0N E) g e D). @9

The dependent variable has been changed to the generalized density perturbation p—p,,

as this is a measure of the sound amplitude. The generalized function T is equal to Light-
hill’s stress tensor 7;; = pu, u;+p;; —c2(p—p,) ;; outside any surfaces, and is zero within
them.

Equation (2-8) shows that in general sound can be regarded as generated by three source
distributions. The first of these is a distribution of acoustic quadrupoles of strength density
T;; distributed throughout the region exterior to the surfaces (Lighthill 1952). This is supple-
mented by surface distributions of acoustic dipoles of strength density p;; n; (Curle 1955), and
if the surfaces are moving, by further surface distributions of sources essentially monopole
in character representing a volume displacement effect. It is to be emphasized that although
these may not be the physical origin of the sound, they do completely specify the field. This
equation remains true if shock discontinuities are present; these can be treated in the same
way, but as mass and momentum fluxes are continuous across a shock, there are no extra

sources to be included in (2-8). However, 7}; now contains discontinuities other than at
physical boundary surfaces.

Equation (2-8) can be obtained by a second method. A generalized function is set up that
equals the required function in the relevant region, and is zero elsewhere. Such a function is
formed with the aid of Heavyside’s unit function H( f) defined to be unity where f > 0 and
zero where f < 0. Thus if fis a function that is positive in the region of interest and negative
elsewhere, the required generalized form of ¢ is yH(f). We use this form to solve the
homogeneous scalar wave equation,

PY_ 2V _y (2+9)

ur e
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in the presence of a moving surface. This problem is an extension of that solved by Kirchhoff,
and will be referred to by that name. It can easily be shown by direct differentiation that
Y H( f) satisfies the equation,

(5= ga) ) == (0) L) =5 (18N L)~ (2 L0, L) 50N

X
(2:10)

Thus the Kirchhoff problem is converted into that of solving the generalized wave equation
with shell sources. Knowledge of ¢, dy/dn and dy/dt on the surface completely defines the
source distribution, and these can be assumed to be given as the boundary conditions of the
original problem. The density fluctuation p—p, of a compressible fluid satisfies Lighthill’s
inhomogeneous wave equation, and so this latter process would lead to an equation similar
to (2-10) with an extra source H( f) 0*T;;/ox; dx; on the right-hand side. "This equation is an
alternative governing equation for the generation of aerodynamic sound. The formal
equivalence of the two equations can be established ifit is noted that p—p,and (p— po) H(f)
represent the same generalized function, and the ordinary mass and momentum equations
are employed together with the condition that the surface is impermeable.

Of the two methods of deriving equation (2-8) the first is the most efficient and physically
illuminating. However, the latter method shows the relation between aerodynamic sound,
and the scalar wave field of a moving surface. Clearly the only mathematical difference
between these problems is the extra volume distribution of sources in aerodynamic sound
generation. These sources are negligible if the fluid velocity is everywhere small, since 7;;
is of second order in velocity. Consequently the two wave fields are essentially identical for a
slowly moving surface. However, if the surface moves at high speed, its motion induces large
fluid velocities, and these extra sources can no longer be neglected ; the two wave fields are
then different.

3. FIELD OF A MULTIPOLE DISTRIBUTION IN ARBITRARY MOTION
The basic equation to be solved is a generalized wave equation of the form

PP 2% 9"Q..

a? —¢ nF T Ox; Oxj.. (3:1)

¢ and Q;;. . being generalized functions. This equation governs the field of a distribution of
nth-order multipoles of strength density @);;.... The solution is well known (Jones 1964, p. 38)

L[ 0y (y,7) St ,
b0 = g | T T v (3:2)

where r = |[x —Yy]| is the distance from the source point y to the field pointx. A basic property
of such convolution integrals is that derivatives can be interchanged, so that (3-2) can
immediately be rewritten as

on +o dvd
ang(x,t) = oo [ Qv (r—t+7) L. (3:3)



SOUND GENERATION BY TURBULENCE 327

The usual way of presenting this result is to perform the integration over 7 that yields the
familiar retarded time result

an d
4nc’g(X,t) = 7%, ;... fQij... (Y, t—;) _rZa (3-4)

the integral being taken over all space.

So far it has been assumed that the source strength @,; = is known as a function of the
fixed coordinate system y, corresponding to a view that the waves are generated by asystem
of stationary sources. However, it is often desirable to regard the sources as in motion, as this
greatly simplifies the task of specifying the source strength. For example, the strength of the
shell sources corresponding to a moving surface is clearly more easily specified in a coordi-
nate system moving with the surface rather than in any fixed reference frame. To allow for
this change of emphasis, Lagrangian coordinates n are introduced which move with the
sources; the sources are then at rest in the v space. If the source convection velocity is
written as ¢M, the Lagrangian coordinates are related to the fixed system by the equation

v =+ f "M(n, ') dr'. (3-5)

By writing the source strength as ¢;; . when referred to the n frame, the field integral (3-3)
becomes

Vi +o dnd
4mc?p(X, 1) = T T qi;..(n,7) 3(7—5-!-;) J Vlr !, (3-6)
. i 0% ) oo
where 7 is now a function of 7;
r= lx—n—chM(n,r’) dr’|. (3:7)

The Jacobian of the transformation J can be related to the convection velocity ¢M by the
equation (Aris 1962, p. 84), ,
J = exp { f diveM(n, 7') dr’}, (3-8)

the divergence being taken with respect to the y frame.
The time variable 7 is now replaced by a new length variable A, the two being related by

a
or

The reasons for this are twofold. First, this unifies the dimensions of the field integral (3-6);
and secondly, the arbitrary scaling factor « enables important space and time scales to be
equated, considerably simplifying the interpretation of later results. This change yields the
equation " oo A dndl
. |
r0p(0,0) = g G [ 00,8 (v, ) o) TEER, (310)

rea

= ca. (3-9)

n

Although equation (3:3) is one expression for the radiation field, alternative expressions
can be given if some results of generalized function theory are employed. These concern
m dimensional volume integrals containing delta functions, and are first (Jones 1966, p. 262)

LF@ @) de = [ | ) (@) da (311)

+00
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where z* is a point on the hypersurface 2’ defined by g(z*) = 0; 2, is the projection of 2’ on
to the coordinate hyperplane with normal in the £ direction, an element of which is denoted
by dz,. Secondly ( Jones 1966, p. 263),

[Cr@ote@de - [ [ y) @) e, (312)
where |grad g|2 = (dg/dz;)?%;
and thirdly :F(z) o) dz— {@rigc/lagzig‘} (2*) dz, (3-13)

In (3-11) and (3-13) repeated suffices are not implicitly summed. Expression (3-12) implies
that a volume integral containing a delta function is the same as a surface integral modified
by the factor |grad g| -1, a result that would be obtained by working formally and utilizing
the well-known property of the delta function

" Flg)d(g) dg = F(0). (314)

The other two results are alternative expressions for calculating this surface integral, by
either projecting X on to one coordinate hyperplane, or by resolving it on to all the hyper-
planes. The projection of X fails if it lies perpendicular to the chosen hyperplane, and corre-
sponds to dg/dz, vanishing in equation (3-11). The other two expressions never fail for a
smooth surface, because |gradg| cannot then be zero. Although these three expressions
yield identical values when integrated analytically, some may be more useful than others
for estimating the magnitude of the radiated field (see §5).

To utilize these expressions in the evaluation of the radiation integral (3-10), the relevant
components of |grad g| must be calculated. In equation (3-10) g represents 7—¢+7/c so that

or 1 1 0r

aa
However, from equation (3-7) it follows that dr/dr|, is —cM,, M, being the component of M
in the direction of the radiation vector r = (x—y). Thus

(?g i?g
al, o

g
5 {1 M}, (3-16)
imi | & 0 o 1o a :
Similarly, Ml 3’7: arly ap;la ¢ I (1=4) Milx (8:17)
Again from equation (3-7) it follows that
ar| _ r r T M, )
%T —-"“;'—r 0’97'71 dT, (3 18)
so that —gi ——1{Q+ai},
Tila c\r
(3-19)

where d~=ercé%dT'—c(l—M, ar
r o
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Hence |grad g| = ;O-‘-{(I—M,)2+oc2(l +2a,+a?)}
. (3-20)
= Loy

Alternative expressions for the radiation integral can now be given. By choosing the
k direction to coincide with the A (time) axis, result (3-11) yields the expression

4nc’p(X, 1) = x—n- 9iz..(0, A%) %dn, (3-21)

A* being the value of A corresponding to the retarded time 7% = ¢ —r7/c. The effect of source
convection is clearly revealed in this result; convection effectively increases the source
strength by a factor |1-—A4,|~1, the Jacobian J accounting for any divergence of the source
during the motion. If other axes are chosen to coincide with the £ direction, further expres-
sions result which avoid the difficulties of the condition |1—A,| = 0. For example, if the
spatial component of the normal to X is chosen to coincide with the £ direction, the radiation
integral can be written as

o ¢ij..0*4) J .
amc?p(x,t) = O, 0, {l—lj-2a Fa mdnkd/l (3-22)

a form appropriate to the estimation of Mach wave generation by supersonic flows (Ffowcs
Williams 1963). If result (3-12) is employed, this leads to the formula

meh(x, ) = o Zx {(fg-ﬂ(g;i}}%%dz, (3-23)

whereas (3-13) gives the alternative result

47T€2¢(X> t) — 9. f{(l 1 M_!__ﬂZ} qU (71,’1*) Ljd")

Bx Bx {( f'rl}(;;’;i’:,ﬂz} T (”k’A)Jdnkd/L (324)

These three results are equivalent expressions for the solution of equation (3-1), and

represent the field of a distribution of nth order multipoles. Although they are valid for any

generalized distribution of sources, when the sources are concentrated on a shell, @;; .

contains a further delta function which renders them of little practical use without further
reduction,

4. FIELD OF A SURFACE MULTIPOLE MOVING WITH ARBITRARY SPEED

An inspection of the equations (2-8) and (2-10) reveals that the source strength corre-
sponding to a shell distribution of multipoles is better written as

Qiy...(y,7) |grad, f18(f (¥, 7))

In these equations df] dy; can always be replaced by |grad, f| #;. The subscript y is a reminder
that the gradient is taken in the y frame, and does not include the 7 component of f. The
convection velocity ¢M of the surface sources is clearly the surface velocity v, and it follows

43 VoL. 264. A.
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that f, regarded as a function ofy is independent of 7. The early analysis of § 8 follows through
unaltered, and the basic equation corresponding to (3-10) for a shell source is

s, ) = oG [0 0,0 lgrad, 1190 9(8) 7 dn (1)

where g has again been written for 7—¢+7/c.

One way of reducing expression (4-1) is by repeated use of the general results (3-11) to
(3-13). By employing the first formula with the % direction coinciding with the A axis, the
intermediate result is obtained,

smetge) = g [ 100 Tigrad, £10(4) dn (+2)

The remaining delta function is unaffected by this operation as f'is independent of A. This
form of the integral allows a further use of the general results, and if (3-12) is now employed,
a result analogous to (3:21) is obtained:

_ o gij...(n, A*) - |grad, f] )
ame*p(X, t) = 0%; 0%;... rjll —M,| J|gradan dS(). (4-3)

The factor J|grad, f| |grad, f|~! appearing in this integral is no more than the ratio of the
area elements of the surface S'in the y and n spaces (just as J is the ratio of volume elements),
and is denoted by 4. This ratio can be related to the two dimensional, or surface, divergence
of the convection velocity ¢M, in the same way as J is related to its three-dimensional
divergence. Differential expressions for this surface divergence are given in works on
differential geometry or tensor calculus (Weatherburn 1927, 1950). If the surface is un-
extended in the motion, 4 is unity. Thus again convection of a surface source effectively
increases its strength by a factor |1—A4,|~!, 4 accounting for any expansion of the surface.

However, a more general expression corresponding to (3:23) can be obtained. Just as a
volume integral containing one delta function §(g) is equivalent to an integral over the
subspace g = 0, so an integral with two delta functions d(g) and 4(f) is equivalent to an
integral over the subspace g = 0, f = 0 (Gelfand & Shilov 1964, p. 239). If this subspace is
denoted by ¢, then it can be shown that the basic integral (4-1) can be written

7 do
am(x, 1) “}')ﬂ% fqu (0,1) |grad, £ =5, (4-4)

where D? = (Vg)2 (Vf)2— (Vf. Vg)2. (4-5)

The symbol V is the usual gradient operator in the four-dimensional v, A space. If the four-
dimensional normals to the hypersurfaces g = 0 and f = 0 are inclined at an angle ®, then
D can be rewritten as |grad, f| |grad, g| sin ®. Alternatively, as f does not depend upon 2,

D takes the form lgrad, £ {(dg|0)* + (dg]dn,)?sin? O},

¢ being the angle between the n components of Vf and Vg. Thus the alternative general
expression for the field of a shell multipole is

o gl 4
PO = e | (1= q)2$ﬂ2)sm2a}wd" (4:6)
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Other expressions can be obtained if this integral over the two dimensional subspace ¢ is
projected or resolved into integrals over other subspaces, as for the hypersurface X. Equation
(4-3) could be obtained in this way. However, other such expressions are extremely com-
plicated, and are only useful in simplified circumstances, and are not given here.

The basic expression (4-6) for shell sources differs in one very important respect from the
corresponding result (3:26) for volume sources. The integral becomes singular at the
condition sin ® = 0. This occurs whenever the surface § moves towards the field point at the
wave speed ¢ with its normal parallel to the radiation direction. This condition corresponds
exactly to that of specifying the boundary conditions on a characteristic of the original
governing differential equation, and a failure in the solution is to be expected. Although
such singularities seriously complicate the analysis of shell sources, undue emphasis should
not be placed upon this difficulty, as there are many practical situations in which this
condition does not occur, and as will be shown in § 7, the singularities are integrable in the
aerodynamic sound problem.

5. GENERAL SOLUTIONS OF THE GOVERNING EQUATIONS

The integral expressions for the radiated fields of arbitrary volume or surface multipoles
developed in the previous sections can be used to write down the formal solutions of our two
basic wave equations. Clearly these solutions can be given in many different forms, de-
pending upon the exact formula chosen to evaluate each radiation integral. However, only
those of general importance are recorded below. The first form of solution for equation (2-8)

is obtained by utilizing expressions (3-21) and (4-3) to reduce the various radiation
integrals:

Ame*(p(%,1) —po) = ax 3x f[ - M|]d”’ x, f fi nzf;[:lds

Loy
at”:u Ml]ds (5-1)

where the square brackets imply that the contents are to be evaluated at the retarded time
given implicitly by 7 = ¢— (r/¢). 'The volume integral is taken over the region exterior to the
surfaces. Alternatively, if equations (3-23) and (4+6) are employed in the reduction of the
radiation integrals, the following expression results:

162 (p(%,) ) = g [ i gmd _ do
’ O ox; 0x; ) {(1—M,)? ,6’2}% r 3x {(1— )2+,6’2sm20}% r

Po?, 4 do
{(1—M)24-f%sin26} 7 °

i
T, is zero at points corresponding to the inside of S.

These two expressions are important because they correspond to two different approaches
to the generation of aerodynamic sound. In the first view, the spatial and temporal natures
of the sources are treated as essentially different, regarding the sound as generated by a
spatial distribution of time varying sources. Equation (5-1) is the solution incorporating
this outlook. Any estimation of the radiated sound based on this equation clearly runs into
serious difficulties whenever the factor 1 — A4, vanishes, unless the equation is very carefully

(5-2)

432
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interpreted. Such an interpretation leads to the emphasis being transferred from the spatial
to the temporal distribution of the sources (Ffowcs Williams 1963). These difficulties,
however, stem from the separation of space and time, and disappear if such a distinction is
abandoned in favour of a unified four-dimensional approach that regards the sources as
distributed throughout the whole of space-time. Equation (5-2) reveals that the emphasis is
now always to be placed upon the distribution of sources over a hypersurface of variable
orientation. The previously troublesome vanishing of 1 —M, now simply implies that the
hypersurface lies parallel to the time axis, immediately showing the importance of the
temporal distribution of the sources, and allowing an unambiguous estimate to be made of
the radiated sound field. Although the unified approach may be unfamiliar, this initial
disadvantage is outweighed by its ability to shed light on situations of considerable com-
plexity when posed within the more familiar framework. This is illustrated in the following
section. However, a word of caution is necessary concerning the unified solution (5-2). The
reason for developing this solution is to have a form that allows easy estimation of the sound
field around the Mach wave condition (1 —M,) = 0. Before such an estimation can be carried
out analytically, the field point derivatives must always be taken under the integral sign,
where they become equivalent to differential operators acting upon the integrand. If there
are any surfaces present, these operators act upon the discontinuities in 7, to produce delta
function singularities, and ultimately further integrals over ¢. Thus if the sound field of a
rapidly moving surface is investigated with the aid of (5-2), the whole equation must be
considered and not just the last two integrals. This phenomenon does not occur with
equation (5-1), since the extra ¢ integrals vanish when X' coincides with the v space. On the
other hand, equation (5-1) is useless in regions where 1 — M, vanishes. This importance of the
first integral in (5-2) on mathematical grounds is in addition to its physical importance as
a result of the high fluid velocities induced by the surface motion.

The essential character of the Kirchhoff problem is the derivation of an analytical
expression for the wave field in terms of the given boundary conditions. It is automatically
assumed that the resulting integrals can be evaluated exactly, and the more sophisticated
expressions for the radiated field serve no useful purpose. Thus the basic solution of the
scalar wave equation with boundary conditions prescribed on a moving surface is

smPP(x, t\ o f [”fff/c' dS(n)——-(% f [7—“‘%}4/—6] dS(n)

f[(cz "31) r[1—v /Cl] dS(n), (53)

where v is the surface velocity. Two previously published attempts at this problem are in
error (Morgans 1930; Kromov 1963).

6. SOUND FIELD OF AN AERODYNAMIC SOURCE IN ARBITRARY MOTION

The unified four-dimensional approach can be used to advantage in investigating the far
sound field generated by a single acrodynamic source in arbitrary motion. Not only do
previously obtained results emerge quite naturally from this approach, but also new results
concerning the effect of source acceleration are apparent. An aerodynamic source models the
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noise-generating properties of a turbulent eddy, which is equivalent to a quadrupole source
of strength density 7;;. Consequently, the source is assumed to be coherent within spatial
and temporal scales corresponding to the correlation length and lifetime of a turbulent
eddy. It is further assumed that there are no surfaces present, and that the convection
velocity is uniform throughout the source, so that M is independent of n. It follows that J
is unity and the vector a of equation (3-19) is zero. Equation (5-2) then shows that the
density fluctuations in the sound field are given by the integral,

2 T dX
2 — el 2 —_—
4me?(p—po) Ox; Ox; f {(I—M)Jz—l—oﬂ}% ;o

To estimate the magnitude of these fluctuations, it is clear that not only is knowledge of
the integrand required, but also a measure of the ‘area’ dX. This is the area in which X
intersects the source region, and varies with the orientation and shape of 2. These in turn
vary with the convection velocity. For example, if the source is at rest, dX' is determined
solely by the spatial length scale /, but in the Mach wave condition (1—2M,) = 0, X' lies
parallel to the time axis and dX now depends upon a typical temporal scale A7. However, by
choosing a to equate the temporal (1) scale acAr and the spatial scale /, the area d2'is always
of magnitude /3 regardless of the orientation or shape of 2. A universal estimation of the
radiation integral can then be accomplished for all convection velocities. Since these spatial
and temporal scales are only defined approximately, « is also only an approximate order of
magnitude, and must be regarded as constant throughout the integral. Before the detailed
estimation can be completed, however, the derivatives with respect to X must be taken
within the integral. The integrand’s explicit dependence upon x through the factor =1 is
not important, as this only produces near field terms. Instead, the far field contribution
arises from the dependence of the integral upon the variable position of the hypersurface X.
To differentiate such an integral, it is best replaced by a volume integral containing a delta
function, and the following lemma employed:

(6:1)

+eo , _ to g dg F )
CF@)v(g)dz— —f_w o (ﬁz‘ I’g‘”“’“radgv) 5(¢g) dz. (6-2)
If N is written for the unit vector normal to the constant g hypersurface,
24
_ 1% .
= |grad g| 72, (63)
and the integral in (6-2) can be written
to (N, OF J N;
~[ " igaig 2 F (|gffaa"g|)} (g) dz. (6-4)

In the far field of a source whose convection velocity is independent of 4, the latter term in
(6-4) reduces to its time component, so that after a double application of this result the
radiation integral can be written

4mc*(p—po) = f[( —}—052}2 3§V+cgfr((1——IA;?L—i—oc?)]ZZ’r{(l—Ac}§2+052}%°
(6-5)

Here 7, is written for 7};7;7;, where £ is the unit radiation vector.
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Our previous remarks indicate that « is to be chosen to equate the relevant temporal (1)
and spatial scales of the intersection area dX. The correct choice of temporal scale is crucial
in estimating the Mach wave radiation since when (1 —A1,) = 0, dX depends directly upon
the time scale Ar. Away from this condition errors in the choice of Ar are less critical. If X' is
plane, then it can intersect the source region over its whole lifetime, which thus defines the
appropriate time scale. A typical lifetime of a turbulent eddy is //bc M, where b is a small
numerical constant, and so the value of @ based on this time span is 5/. The condition that
2 be plane is equivalent to the convection velocity being constant; if the source accelerates
2/ is curved, and can no longer intersect the source region over the total lifetime but only for
a much smaller time. Physically, this implies that the time spent by the eddy in the region
from which Mach waves can be observed may be the total eddy lifetime, but alternatively
may be a shorter time if the source rapidly accelerates through this region. This shorter time
scale is determined as follows. The spatial realization of X is the contracting sphere
r = ¢(t—7), which passes through the source at a relative radial velocity of ¢(1—M,). In an
interval of time A7, this sphere moves a distance

AT
f c(1—M) dr (6-6)
0
through the source, and will have passed completely through the source when this distance
equals the radial length scale /. This time scale is only important near the condition
(1—M,) = 0, so that A7 must be determined by the equation

’ci(_l;f@ Ar

S =1, (6-7)

Since A7 is to be set equal to //ca for space and time scales to be equal, « is given by

12 [ |oM,
2 L e .
CEEAET 2| | (6-8)
If M, is written as M. T, it follows from equation (3-7) that
oM, M , ot
T~ THMeg
M ¢(M?-1) )
= *57_—.1’—‘-——7‘——, (6 9)
and hence the value of « based on this timespan is
(LM c(Mz—l)‘% )
Oﬂ—-{é‘(‘; 77_—1'—-———‘—’:—*—~} . (6 10)

Thus this acceleration mechanism produces two time scales; the first is due to the basic
acceleration of the source limiting the emission time, whereas the second arises from the
changing geometry of the situation.

Some of the possible field régimes associated with an aerodynamic source can now be
discussed. If the source is in steady rectilinear motion, in the far field the only relevant value
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of « is that based on eddy lifetime. For this model, the second part of the operator in (6-5)
vanishes, and the density fluctuations are given by the simple integral

ine? B % 2T, dX
me?(p—po) = f{(l__M)2+a2}% R

(6-11)

The magnitude of this integral is easily established. The measure of dX and the normal
derivative d/dN are typically of magnitude /2 and /! respectively. The turbulence stress
tensor 7;; can be approximated by its first term pu; u;, which is of order pc?M?, and the
over-all magnitude of the density fluctuations is

[ b2M*

2(p_ ~ 2p_
4me (p 100) - cpr{(l—M.)2+b2M2}%.

(6:12)

The mean square density fluctuation, which is proportional to the sound intensity, thus

varies as ey = 2 biMB
(p=po)?~p? 5 {(I=M)? L B2M7P

(6-13)

This result embodies in a single formula the features of the sound field of a uniformly con-
vected eddy that are well understood in connexion with jet noise theory. At low speeds, the
intensity varies as the eighth power of the convection speed, coupled with a directional
factor |1 —AM,|-6. At high speeds near the Mach wave condition (1—AM,) = 0, this power
law is replaced by a second power variation at a much higher over-all level, since 4 is small.
Away from the Mach wave condition, the intensity still varies with the square of the con-
vection speed, but the over-all level is much reduced. These variations differ slightly from
their counter-parts in the theory of jet noise because equation (6-13) refers to a single
turbulent eddy. The results for a distribution of eddies can be obtained upon multiplication
by the number of eddies heard concurrently, and this has the effect of reducing the power 3
in the denominator of (6:13) to a value of 5/2.

Nearer the source in the Mach wave régime, the relevant value of « is not that based upon
eddy lifetime, but that defined by the changing geometry {{(M?—1)/2r}}. Again estimates
of the Mach wave field can be based on equation (6-5) but now both factors in the operator
are equally important, and vary dimensionally like /~1. This leads to a mean square density
fluctuation o

(p=po)?~ P 3 (6-14)

This result differs by a factor M from that given by Ffowcs Williams (1965) because that
estimate was based on a downstream rather than a radial length scale, but the two results
are entirely equivalent. Thus the Mach wave field nearer the source falls off more slowly
than it does in the very distant field. This variation of the (linear) density as r~# is also found
in the conical wave field of a slender supersonic projectile, where the time scale is again set
by the geometry. Again it should be remarked that (6:14) is the result for a single eddy,
a distribution of eddies has a different dimensional variation.

It is clear that estimation of the Mach wave emission for an aerodynamic source in
arbitrary motion is simple using the techniques outlined here. A choice is to be made
between the possible emission time scales, and the relevant one used in the estimation of
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equation (6-5). If the eddy lifetime provides the appropriate time scale, the Mach wave field
is given in equation (6-13). Alternatively, if acceleration effects are more important, the
density fluctuations in the Mach wave field vary as
B M
N2 g2l
(p—po)~p P2[0M T M—1|

o ¢ 7

(6-15)

It is significant that one general effect of source acceleration is to reduce the Mach wave
strength by limiting the time spent by the source in the emission region. Together with this,
there are Mach wave terms with a direct dependence on acceleration, as is clear from the
time derivative term in equation (6-5). This substantiates the impression gained from
Lowson’s (1965) analysis that acceleration effects may well be important at high speeds,
although his expression is unsuited to the field when 1— A, tends to zero.

7. SOUND FIELD OF A MOVING SURFACE

The analysis of the previous section is essentially concerned with the sound field generated
by an aerodynamic source such as a turbulent eddy. However, many sound fields are
generated by surface motion at high speeds, and itis to such fields that this section is devoted.
Most practical examples of high-speed sound-generating surfaces are rigid bodies, and for
such bodies some preliminary simplifications of the general results can be made. A rigid
body has a clearly defined convection velocity, and the simplest choice for the moving
reference frame v is a Cartesian frame fixed in the body. This v frame may be translated and
rotated from the fixed y frame, but it always remains Cartesian and always moves with a
solenoidal convection velocity. Hence J and 4 are unity. Also,

dg\? dg\? 1

(ar) =) — ()
so that £ reduces to the scale factor a. Further, the angle ¢ defined in §4 to be the angle
between the spatial component of the normal to 2 and the normal to the surface, is the same
whether measured in the v or y frames. In addition to these simplifications in the coordinate
system, one other change is necessary. At present, the source term that represents the volume
displaced by the surface is written in the monopole form. This form would be appropriate
were the surface expanding, but is clearly inappropriate here. Instead, the surface is now
equivalent to higher order volume sources, and this is brought out by a rearrangement of the
original term. The convection velocity v is clearly well defined for points within as well as
on the surface, and as this field is solenoidal, the following relation holds:

Jd( oH a .. 72
E—t(vi-ﬁx_i) =*QE{”i(l—H)}+9Wx;{”i”j(1"H)}- (7-2)

Here v is the Lagrangian time derivative of the velocity and so represents the acceleration
of the source. The monopole surface source is thus equivalent to dipoles and quadrupoles
distributed throughout the volume within the surface.

The two results (5-1) and (5-2) give alternative expressions for the sound field. Equation
(5-2) is more general in that it involves no subtle limiting process in the region (1—M.) ~ 0,
and can be treated as an expression in which ‘ time retardation’ effects are always negligible.
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On the other hand, in general the subspace ¢ is somewhat abstract, so that it is not easy to
analyse the whole of equation (5-2) in the manner developed in § 6. Further objections to
such an analysis will appear presently. However, in a particular, and very broad class of
problems, equation (5-2) is practically indistinguishable from (5-1). That is when the
source distributions are compact. A distribution of dimension / is compact if the time taken
by the sound in crossing the distribution (1 —A4,)~! /¢ is very much less than the source time
scale Ar. This criterion is equivalent to the condition that the acoustic wavelengths be much
greater than /, or alternatively that the value of @ based on A7 is a negligible fraction of 1 — A4,.
Hence equation (5-2) is essentially the same as its formal limit when this ratio is zero; this
limit is equation (5-1) which thus furnishes an adequate description of the sound field;

4mc*(p— Po)—ax % [z Ml]dn p IF Il_M|]ds
ﬁxf I:Ilpole]d +8x % f,,[ T Ml]d (7-3)

The last two integrals are to be evaluated over the volume inside the surface, V. The spatial
extent of the source distributions determine whether they can properly be replaced by a
point source acting at a mean position; for those sources that may be so reduced, equation

(7-3) becomes 0
i HPovi ¥ Vy i+po0i V]
J 0 .
4ncX(p—po) = g ax[ -] ']~ Bx[rll J7A (7-4)

Q,; represents the integrated strength of the external quadrupoles, and £, is the total force
exerted by the surface on the fluid. ¥} is the volume enclosed by the surface. These results
have been obtained and discussed by Lowson (1965), except that he takes no account of the
volume displacement effect. However, as (7-4) shows, and as is already well known, this
effect is easily accounted for by supplementing the main dipole and quadrupole by a further
po9;Vy and pyv; vV, respectively. If the quadrupole and dipole distributions have similar
spatial and temporal scales, the quadrupole distribution can be neglected in regions where
equation (7-4) is a good approximation to the field, since its effect is smaller than that of the
dipole distribution by the factor (1—4,)"! l/cAT. For such distributions the density is

given by Pt 0,3,V
e (p—po) = — r[1 pOXII (7-5)

Of course, situations can be envisaged in which the scales appropriate to the two distribu-
tions differ; the quadrupoles may then be important sound sources and the whole of
equation (7-4) must be retained.

The above results apply to compact source distributions. They apply to the sound fields
generated at low rotational speeds by aircraft propellers, aero-engine fans and helicopter
rotors. This is because the relevant time scales in these situations vary inversely with the
convection speed, and the sources are compact at low speeds. The usual dimensional analysis
of (7-5) shows that the sound intensity then varies as the sixth power of the convection
velocity, and this agrees with practical observation. The above results may also apply to
surfaces travelling at high supersonic speeds in a region where M, > 1. However, as
speeds increase typical time scales decrease, and it is not known whether practical source

44 VoL. 264. A.
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distributions remain compact at these high speeds. If they do, a dimensional analysis of (7-5)
shows that the sound intensity now only increases as the square of the convection speed.

The above results fail if the source distributions are non-compact, i.e. the acoustic
wavelengths are comparable with the source dimension. This type of distribution occurs
in the investigation of the field of a supersonically moving surface in a region where 1 —M,
is small. It may also occur for more moderate convection speeds if a mechanism is present
which produces very short time scales. For non-compact sources, equation (7-3) is no longer
a proper description of the sound field. Itis still a valid formal expression, but retarded time
differences can no longer be neglected. Instead, a better description of the field in these
regions would be obtained by taking the limit of equation (5-2) as 1 —M, tended to zero.
This equation is obviously more involved than (7-3), and a general analysis of it is very
difficult. This is because the general equation (5-2) must first be cast into a form suitable for
estimation requirements, and then the limit 1 — M, tending to zero taken, if all effects of
acceleration are to be retained. Consequently, for simplicity it is to be assumed here that
there are no significant effects of acceleration, so that 1 — M, can be set to zero at the outset.
Also for the sake of simplicity, the time variable 7 will be used here, rather than its scaled
equivalent A.

In the limit (1—A4,) = 0, the hypersurface X lies parallel to the time axis. The spatial
realization of 2' is the contracting sphere r = ¢(¢—7), which is denoted by Q. Thus dX
becomes ¢d€2dr. This sphere cuts the real surface S in a curve I', and it follows from the
definition of ¢ that do becomes ¢dI'dr. Hence the limit of (5-2) as 1 — M, tends to zero is

cdQdr piimcdldr
r 3x sinf r

4nc?(p—py) = 3x 3x [@srppv0,0—H()} (7-6)
The first integral in (7-6) is to be taken over the surface of the Q sphere, whereas the second
is to be integrated around the contour I'in which Q cuts S. Here 6 is the angle between the
outward normal to § and the radiation direction. This latter direction is the inward normal
to Q so that the angle ¢ used here is the supplement of that defined in § 4.

For estimation purposes, the field-point derivatives must again be taken under the
integral sign. The only dependence of the quadrupole integral upon X in the far field is
through the position of the sphere Q which hasx as its centre. The differentiation of such an
integral is accomplished by replacing the surface integral by a volume integral containing
a delta function, and utilizing the lemma (6-2). In the notation of this section, this leads

to the result P P
= f FdQ = f 2 (Fr,) O, (77)

where, to avoid notational confusion, J/dr is the derivative in the radiation direction, and not
in the direction of increasing 7. For the quadrupole integral, this radiation derivative acts

upon the discontinuous functions 7; and pyv;v,(1—H), and so produces delta function
singularities:
d T,
STy = 1) i Y
(7-8)

2 oy, (1—H()} = <1—H<f)>?f’—'5§u”'—povivja< nZ
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From the geometry of the situation, it follows that

df]or = |gradf| cos @
} (7-9)

and itis clear that after a single derivative has been taken under the integral sign, the density
field can be expressed as

o (g9 dQd
477‘32(/’_,00):9;“H "_|.(1 H) 9(po; v)}c : T

o [(T=ponin) cos0—p ) S5 (110)

rsind -’

Here p;, has been written for p;; n;. This process can be repeated to yield a further contour
integral, and equation (7-10) becomes

3T 92 dQd
4wc2(p—po)=f{ ) & 3;;’””}0 . .
cdl'dr cdI'dr
‘o f{mr—povi Jeos8—p} S [cos 2 (T, —pyn, ) S5
(7'11)

Equation (7-11) requires further reduction, as it still contains field-point derivatives
acting upon the contour integral. Again the integral only depends upon x through the
position of I'; if the field point changes the sphere now cuts §'in a different contour. As §'is
an arbitrary surface, it must be assumed that I" also changes its shape and curvature, and the
form of the lemma that enables these derivatives to be evaluated is slightly different from
(7-7). If m is a unit vector on the surface S normal to I"such that m.r > 0,n, m and T are
mutually orthogonal, and, dr

snd’ (7-12)

f FdT = f div (mF#,) <
The proof of this lemma is similar to that of (7-7), again accomplished by replacing the
contour integral by a volume integral containing two delta functions. By utilizing the
condition v, = ¢ throughout the region of interest, (7-11) immediately becomes,

T, ¢dQdr
snct(p—py) = [ 5T (B

+ [ (aiv g 1B, o) cosd—p,)

The complicated form of the contour integral in (7-13) can be simplified if it is assumed that
viscosity acts in all situations of interest. Then there is no slip between the fluid and the
surface, and the radiation component of the fluid velocity «, is equal to the equivalent com-
ponent of the surface velocity v,. From the definition of 7}; it follows that where v, =,

(Y;r_czpo) COSﬁ_prn =prr COSﬁ_prn’ (7°14)

The right-hand side of (7-14) can be further simplified if the compressive stress tensor p;; is
written as the sum of a pressure term pd;; and a viscous stress tensor £,;. We define a new unit

44-2

(7-13)
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vector ¢ to be perpendicular to both the contour I'and the radiation direction # such that
q.m > 0. Thus r, q and I are mutually orthogonal. Then it can be shown that

(Sin 0) -1 (prr cos 0_.prn) = Ez'j fi 9; = Erq> (7'15)
and (7-13) becomes
2T, ¢dQdr . dT,,) edI'dr )
4:7T(,‘2(p—p0) = fH o , +f{leErqm+COSﬁ—3;—} W. (7 16)

This result, as might be expected, is not simple. It shows that for non-compact sources the
density field is related to various surface and contour integrals in the real space, and once
again demonstrates the importance of the relevant time scale in determining the magnitude
of the radiated field. An important conclusion can be drawn from (7-16). The earlier results
derived for compact sources emphasize the importance of such parameters as the surface
pressure and displaced volume in determining the magnitude of the radiated field. Also the
presence of the Doppler factor (1 —A,)~! in these results suggests that as 1 — M, approaches
zero these parameters become even more important. Equation (7-16) shows that this is
not true. In fact these parameters that are so important at low speeds play no part in deter-
mining the magnitude of the Mach wave field of a high-speed surface. Instead, the details
of the fluid flow around the surface, through their effect on 7};, are critical in defining the
Mach wave strength. This conclusion is clearly of great importance in the design of quiet
high speed machinery. In contrast to these qualitative deductions, it becomes apparent from
(7-16) that it is very difficult to infer any quantitative results using analytical methods
though any particular model could be studied numerically. In fact, it is not possible in
general to deduce a simple dimensional variation of the field strength with the convection
Mach number M. The reason for this is that the condition M, = 1 implies that the observer
is at an angle cos™! (1/M) to the direction of motion of the source. Thus the variation of the
field strength with M is essentially the directional variation of the integrals in (7-16). Unless
the latter can be exposed, a proper description of the variation of the sound field with con-
vection speed is not possible.

It has been assumed above that the sphere Q and the surface $ intersect at a non-zero
angle ¢, and it remains to discuss the behaviour of (7-16) when this angle vanishes. In fact
the contour integral in (7-16) still remains finite, because as sin # vanishes so does I'. The
reason for this is that provided Q and § are not identically curved, they only have a common
normal (which is the condition for sin § to vanish) if they touch at a single point P. Thus
when sin @ vanishes, the contour of intersection shrinks to P. The smooth surface S can
always be approximated by an ellipsoid near P, and the curve I'is then a small ellipse. For
this contour the integral may be evaluated analytically, and the main contribution to the
sound field from this integral is

a7, 2mcdr
or r{(k,+1/r) (ko+1/r)}
k, and «, are the principal curvatures of § at P, and are measured positive if the centre of
curvature is on the side of I opposite to x. The nature of this result is important for it shows
that the curvature of the surface is critical in determining the character of the field along the
normal at P. If the surface has double curvature, in the far field the factor 7~ is small com-
pared with the two curvatures, and consequently the field strength falls off as 7~! with an

(7-17)
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over-all magnitude proportional to (k; k,)*. Thus for a surface that is only slightly curved
at P, this contribution to the field can be large, and may be the most important source of far
field sound. This term is even more important if the surface has only a single curvature, for
(7-17) shows that the field strength now only falls off as r#, and is ultimately more important
than any source whose field varies as 7~!1. Finally, if the surface at Pis locally plane, the field
along the normal at P does not vary at all with distance, and an intense beam is produced.
Equation (7-17) is not valid if either term in the denominator is zero, indicating that § and
Q have identical curvatures so that X lies on the focal point of S, but it is likely that there is
then a genuine singularity in the field. This type of dependence of the field upon curvature
is also found in high-frequency diffraction theory. This is to be expected, since one effect of
surface motion is that all radiated wavelengths become smaller by the factor (1—A£), and
in our limit of (1—A,) tending to zero, the surface simply acts as an ultra high frequency
radiator. None the less, it is interesting to see these results appearing without the use of
harmonic analysis.

8. CONCLUSION

The paper gives in § 5 formal expressions for the density field radiated by turbulence in
the presence of arbitrarily moving surfaces. The most general results are expressed as
hypersurface integrals, which, though rather abstract, are generally computable if the
source field and surface-boundary conditions are known in space and time. The latter
sections are devoted to particular features of these general results that might have practical
significance. The now well-known effects of uniformly convected turbulence emerge quite
naturally without any assumption regarding detailed flow statistics. Convective accelera-
tion induces additional sources, at low speed this being the principal effect of acceleration.
At the Mach wave condition, however, convective acceleration also tends to limit the Mach
wave strength by a restriction on the time for which the source can remain in the Mach wave
phase.

The deductions regarding the sound of high-speed surfaces are quite new and could not
easily be deduced by analogy with previously published accounts. The most significant
effects are twofold. First, it is shown that features governing the surface generated sound at
low speed, i.e. the applied force and displaced inertia, play no part at all in the high speed
problem. Secondly, at very high speeds, surface curvature is crucial in determining the
strength of an intense beam that radiates in the direction for which the surface normal
coincides with the Mach wave direction. A further point that is implied by a dimensional
analysis of equations (7-5) and (7-16) is that the intensity of the field at high supersonic
speed increases only as the square of surface velocity. This implies that the acoustic output
of a high-speed (supersonic) machine increases less rapidly than the mechanical power and
that the acoustic efficiency falls off inversely as speed increases. However, this cannot be
said with extreme conviction, there being some doubt that the component of the stress tensor
T,,, in (7-16), can reasonably be set proportional to p, U2 These points emerge from the
analysis of a surface in rectilinear motion, chosen here as the simplest example that illustrates
the general effects of the results presented in §5. We do not expect that these qualitative
deductions will be seriously modified by a more complete evaluation of those results for the
effects are clearly recognizable, but in a more abstract way, in that section. We would
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expect therefore that these points have some bearing on the noise radiated by the super-
sonically moving blades of an aero-engine fan, and we expect that blade curvature will then
significantly influence what may well be the dominant part of the radiation field, the Mach
wave radiated along the surface normal coinciding with the Mach angle.

Some of the early parts of this paper were started while J. E. Ffowcs Williams was at Bolt,
Beranek and Newman Inc. under N.A.S.A. Langley Field sponsorship. The authors
acknowledge the benefit of discussions of part of the material with M. J. Lighthill and G. N.
Ward, and D. L. Hawkings acknowledges the support of an S.R.C. research grant.

REFERENCES
Aris, R. 1962 Vectors, tensors, and the basic equations of fluid mechanics. Englewood Cliff, N. J.: Prentice-
Hall Inc.
Curle, N. 1955 The influence of solid boundaries upon aerodynamic sound. Proc. Roy. Soc. A 231,
505-14,
Ffowcs Williams, J. E. 1963 The noise from turbulence convected at high speed. Phil. Trans. A 255,
469-503.

Ffowcs Williams, J. E. 1965 On the development of Mach waves radiated by small disturbances.
J. Fluid Mech. 22, 1, 49-55.

Gelfand, I. M. & Shilov, G. E. 1964 Generalised functions. Vol. 1, Properties and operations. Londomn:
Academic Press.

Jones, D. S. 1964 The theory of electromagnetism. London: Pergamon Press.

Jones, D. S. 1966 Generalised functions. London: McGraw-Hill.

Kromov, V. A. 1963 Generalisation of Kirchhofl’s theorem for the case of a surface moving in an
arbitrary way. Soviet Phys.—Acoustics 9, 68-T1.

Lighthill, M. J. 1952 On sound generated aerodynamically. I. General theory. Proc. Roy. Soc. A 221,
564—817.

Lightill, M. J. 1954 On sound generated aerodynamically. II. Turbulence as a source of sound.
Proc. Roy. Soc. A 222, 1.

Lowson, M. V. 1965 The sound field for singularities in motion. Proc. Roy. Soc. A 286, 559-72.

Morgans, W. R. 1930 The Kirchhoff formula extended to a moving surface. Phil. Mag. 9,7, 141-61.

Ribner, H. S. 1962 Aerodynamic sound from fluid dilatations. UTTA Rep. no. 86.

Weatherburn, C. E. 1927 Differential geometry of three dimensions. Cambridge University Press.

Weatherburn, C. E. 1950 An introduction to Riemannian geometry and the tensor calculus. Cambridge
University Press.



	Article Contents
	p.321
	p.322
	p.323
	p.324
	p.325
	p.326
	p.327
	p.328
	p.329
	p.330
	p.331
	p.332
	p.333
	p.334
	p.335
	p.336
	p.337
	p.338
	p.339
	p.340
	p.341
	p.342

	Issue Table of Contents
	Philosophical Transactions of the Royal Society of London. Series A, Mathematical and Physical Sciences, Vol. 264, No. 1151 (May 8, 1969), pp. 321-342
	Front Matter
	Sound Generation by Turbulence and Surfaces in Arbitrary Motion [pp.321-342]
	Back Matter



